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�j�X�R�- �i�?�`�2�2 �K���B�M �i�v�T�2�b �Q�7 �7�2���i�m�`�2 �b�2�H�2�+�i�B�Q�M �K�2�i�?�Q�/�b �2�t�B�b�i�,

�Ç �6�B�H�i�2�` �K�2�i�?�Q�/�b�,�h�?�2�b�2 �K�2�i�?�Q�/�b �/�Q �M�Q�i �#�m�B�H�/ �Q�M ���M�v �T�`�2�/�B�+�i�B�p�2 ���H�;�Q�`�B�i�?�K ���M�/
�b�B�K�T�H�v �`���M�F�b �i�?�2 �7�2���i�m�`�2�b �m�b�B�M�; �b�i���i�B�b�i�B�+���H �b�+�Q�`�2�b �i�?���i �2�p���H�m���i�2 �i�?�2�B�` �+�Q�`�`�2�H���i�B�Q�M
�r�B�i�? �i�?�2 �Q�m�i�T�m�i �p���`�B���#�H�2�X �� �;�Q�Q�/ �K�2���b�m�`�2 �Q�7 �+�Q�`�`�2�H���i�B�Q�M �b�i�`�Q�M�;�H�v �/�2�T�2�M�/�b �Q�M �i�?�2
�+�Q�M�i�2�t�i ���M�/ �/�B�b�+���`�/�B�M�; ���i�i�`�B�#�m�i�2�b �M�2�+�2�b�b���`�B�H�v �`�2�H�B�2�b �Q�M ���M ���`�#�B�i�`���`�v �i�?�`�2�b�?�Q�H�/�X �h�?�2
�J�m�i�m���H �A�M�7�Q�`�K���i�B�Q�M ���M�/ �i�?�2 �6�@�i�2�b�i ���`�2 �i�r�Q �b�+�Q�`�B�M�; �K�2�i�?�Q�/�b �i�?���i ���`�2 �`�2�H�2�p���M�i �7�Q�`
�i�?�2 �+���b�2 �Q�7 �`�2�;�`�2�b�b�B�Q�M ���M�/ �+�Q�M�i�B�M�m�Q�m�b �p���`�B���#�H�2�b�X

�Ç �q�`���T�T�2�` �K�2�i�?�Q�/�b�,�h�?�2�b�2 �K�2�i�?�Q�/�b �;�2�M�2�`���i�2 �b�m�#�b�2�i�b �Q�7 �i�?�2 �7�2���i�m�`�2 �b�T���+�2 ���M�/
�2�p���H�m���i�2 �i�?�2�K �`�2�H���i�B�p�2 �i�Q �� �;�B�p�2�M �T�`�2�/�B�+�i�B�p�2 ���H�;�Q�`�B�i�?�K�- �m�M�i�B�H �i�?�2 �b�m�#�b�2�i �;�B�p�B�M�;
�i�?�2 �#�2�b�i �T�`�2�/�B�+�i�B�p�2 ���+�+�m�`���+�v �?���b �#�2�2�M �7�Q�m�M�/�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �7�Q�`�r���`�/ �b�2�H�2�+�i�B�Q�M
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�b�i���`�i�b �r�B�i�? ���M �2�K�T�i�v �b�2�i �U�M�Q �7�2���i�m�`�2�V ���M�/ �H�Q�Q�F�b �7�Q�` �i�?�2 �#�2�b�i �7�2���i�m�`�2 �i�Q ���/�/ ���i �2���+�?
�B�i�2�`���i�B�Q�M�X �q�?�2�M �i�?�2 �T�`�2�/�B�+�i�B�p�2 �T�2�`�7�Q�`�K���M�+�2 �b�i�Q�T�b �B�K�T�`�Q�p�B�M�;�- �i�?�2 �Q�T�i�B�K���H �b�m�#�b�2�i
�?���b �#�2�2�M �7�Q�m�M�/�X

�Ç �1�K�#�2�/�/�2�/ �K�2�i�?�Q�/�b�,�q�B�i�? �i�?�2�b�2 �K�2�i�?�Q�/�b�- ���H�H �i�?�2 �7�2���i�m�`�2�b ���`�2 �m�b�2�/ ���b �B�M�T�m�i�-
���M�/ �� �ô�T�2�M���H�i�v �+�Q�b�i�ô �B�b ���T�T�H�B�2�/ �i�Q �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �i�Q �/�B�`�2�+�i
�B�i �i�Q�r���`�/�b �K�Q�/�2�H�b �Q�7 �H�Q�r�2�` �+�Q�K�T�H�2�t�B�i�v�X �G�R ���M�/ �G�k �`�2�;�m�H���`�B�x���i�B�Q�M ���`�2 �r�2�H�H�@�F�M�Q�r�M
�K�2�i�?�Q�/�b �i�?���i �+�Q�M�b�i�`���B�M �i�?�2 �M�m�K�#�2�` �Q�7 �+�Q�2�{�+�B�2�M�i�b �i�?���i �� �T�`�2�/�B�+�i�B�p�2 ���H�;�Q�`�B�i�?�K �+���M
�m�b�2�- �i�?�m�b �}�H�i�2�`�B�M�; �Q�m�i �i�?�2 �H�2���b�i �`�2�H�2�p���M�i ���i�i�`�B�#�m�i�2�b�X

�h�?�2 �r�`���T�T�2�` �K�2�i�?�Q�/�b �?���b �i�r�Q �K���B�M �b�?�Q�`�i�+�Q�K�B�M�;�b�, �i�?�2 �Q�T�i�B�K���H �b�m�#�b�2�i �/�2�T�2�M�/�b �Q�M �i�?�2
���H�;�Q�`�B�i�?�K �m�b�2�/ �i�Q ���b�b�2�b�b �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �/�B�z�2�`�2�M�i �b�m�#�b�2�i�b�- ���M�/ �i�?�2 ���H�;�Q�`�B�i�?�K �?���b
�i�Q �#�2 �i�`���B�M�2�/ �7�Q�` �2���+�? �b�m�#�b�2�i�- �r�?�B�+�? �B�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v �2�t�T�2�M�b�B�p�2 �7�Q�` �� �H���`�;�2 �M�m�K�#�2�`
�Q�7 �7�2���i�m�`�2�b�X �"�2�+���m�b�2 �b�2�p�2�`���H �T�`�2�/�B�+�i�B�p�2 ���H�;�Q�`�B�i�?�K�b �r�B�H�H �#�2 �m�b�2�/ �B�M �i�?�B�b �T�`�Q�D�2�+�i�- �i�?�2 �7�2���@
�i�m�`�2 �b�2�H�2�+�i�B�Q�M �K�2�i�?�Q�/ �r�?�B�+�? �r�B�H�H �2�p�2�M�i�m���H�H�v �#�2 ���T�T�H�B�2�/ �M�2�2�/�b �i�Q �?�Q�H�/ �i�`�m�2 �B�`�`�2�b�T�2�+�i�B�p�2
�Q�7 �i�?�2 �;�B�p�2�M ���H�;�Q�`�B�i�?�K�X �6�Q�` �i�?���i �`�2���b�Q�M�- �r�`���T�T�2�` �K�2�i�?�Q�/�b ���`�2 �/�B�b�+���`�/�2�/ �B�M �i�?�2 �}�`�b�i �T�H���+�2�X

�1�K�#�2�/�/�2�/ �K�2�i�?�Q�/�b �/�Q �M�Q�i �}�H�i�2�` �i�?�2 �7�2���i�m�`�2�b �#�2�7�Q�`�2 ���T�T�H�v�B�M�; �i�?�2 �T�`�2�/�B�+�i�B�p�2 ���H�;�Q�`�B�i�?�K
���M�/ ���`�2 �+�Q�M�b�2�[�m�2�M�i�H�v �?�2���p�B�2�` �i�?���M �}�H�i�2�` �K�2�i�?�Q�/�b�X �A�M �i�?�B�b �T�`�Q�D�2�+�i�- �}�H�i�2�` �K�2�i�?�Q�/�b �r�B�H�H
�}�`�b�i�H�v �#�2 ���T�T�H�B�2�/ ���b �i�?�2�v ���`�2 �7���b�i�2�` ���M�/ �b�B�K�T�H�B�7�v �i�?�2 �7�2���i�m�`�2 �b�T���+�2 �#�2�7�Q�`�2�?���M�/�- ���M�/
�2�K�#�2�/�/�2�/�f�`�2�;�m�H���`�B�x���i�B�Q�M �K�2�i�?�Q�/�b �r�B�H�H �#�2 ���T�T�H�B�2�/ �U�B�7 �/�2�2�K�2�/ �M�2�+�2�b�b���`�v�V �i�Q �B�K�T�`�Q�p�2 �i�?�2
�T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K ���7�i�2�`�r���`�/�b�X
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�h�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �2�t�T�H���M���i�Q�`�v �p���`�B���#�H�2�b �b�B�;�M�B�}�+���M�i�H�v ���z�2�+�i�b �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 ���M ���H�@
�;�Q�`�B�i�?�K�X �(�R�j�)�- �(�8�)�- �(�R�9�) ���M�/ �(�R�8�) �T�`�Q�p�B�/�2 �� �;�Q�Q�/ �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �7�2���i�m�`�2�b �i�?���i �+�Q�m�H�/ �#�2
�m�b�2�7�m�H �B�7 ���p���B�H���#�H�2�X

�J���M�v �p���`�B���#�H�2�b �?���p�2 ���M �B�M�~�m�2�M�+�2 �Q�M �i�?�2 �2�H�2�+�i�`�B�+�B�i�v �+�Q�M�b�m�K�T�i�B�Q�M ���M�/ �#�2�H�Q�r �B�b �� �H�B�b�i �Q�7
�b�Q�K�2 �Q�7 �i�?�2�K�,

�Ç �q�2���i�?�2�` �p���`�B���#�H�2�b�,�i�2�K�T�2�`���i�m�`�2�- �/���v�H�B�;�?�i �i�B�K�2�- �T�`�2�+�B�T�B�i���i�B�Q�M�- �2�i�+�X

�Ç �*���H�2�M�/���` �p���`�B���#�H�2�b�,�?�m�K���M ���+�i�B�p�B�i�v �B�b �H���`�;�2�H�v �/�`�B�p�2�M �#�v �b�Q�+�B���H �+�Q�M�p�2�M�i�B�Q�M�b ���M�/
�H�Q�+���H �+�m�b�i�Q�K�b �i�?���i �/�B�`�2�+�i�H�v ���z�2�+�i �i�?�2 �2�H�2�+�i�`�B�+�B�i�v �+�Q�M�b�m�K�T�i�B�Q�M�X �A�M �K�Q�b�i �q�2�b�i�2�`�M
�+�Q�m�M�i�`�B�2�b�- �T�2�Q�T�H�2 �;�Q �i�Q �r�Q�`�F �7�`�Q�K �J�Q�M�/���v �i�Q �6�`�B�/���v ���M�/ �2�M�D�Q�v �7�`�2�2�@�i�B�K�2 �/�m�`�B�M�;
�i�?�2 �r�2�2�F�@�2�M�/�X �A�M ���/�/�B�i�B�Q�M�- �b�T�2�+�B���H �/���v�b �U�2�B�i�?�2�` �T�m�#�H�B�+ �?�Q�H�B�/���v�b�- �b�+�?�Q�Q�H �?�Q�H�B�/���v�b�-
�b�T�Q�`�i�B�M�; �2�p�2�M�i�b�- �2�i�+�X�V ���H�b�Q �?�2���p�B�H�v �B�K�T���+�i �i�?�2 �H�Q���/�X

�Ç �1�H�2�+�i�`�B�+�B�i�v �T�`�B�+�2�,�/�2�K���M�/ �`�2�b�T�Q�M�b�2 �#�m�B�H�/�b �Q�M �i�?�2 �~�2�t�B�#�B�H�B�i�v �Q�7 �+�m�b�i�Q�K�2�`�b ���M�/
�i�?�2�B�` �+���T���+�B�i�v �i�Q �`�2���+�i �i�Q �T�`�B�+�2 �b�B�;�M���H�b �U�B�X�2�X �i�Q �b�?�B�7�i �i�?�2�B�` �+�Q�M�b�m�K�T�i�B�Q�M �B�M �+���b�2 �Q�7 �?�B�;�?
�2�H�2�+�i�`�B�+�B�i�v �T�`�B�+�2�V�X �h�?�Q�m�;�? �i�Q�/���v�- �/�2�K���M�/ �`�2�b�T�Q�M�b�2 �B�b �K���B�M�H�v �m�b�2�/ ���i �i�?�2 �B�M�/�m�b�i�`�B���H
�H�2�p�2�H ���M�/ �b�i�B�H�H �M�Q�i �r�B�/�2�H�v ���T�T�H�B�2�/ �i�Q �B�M�/�B�p�B�/�m���H �?�Q�m�b�2�?�Q�H�/�b�- �i�?�2 �;�`�Q�r�B�M�; �M�m�K�#�2�` �Q�7
�b�K���`�i �K�2�i�2�`�b �M�Q�r �2�M���#�H�2�b �B�M�/�B�p�B�/�m���H �+�m�b�i�Q�K�2�`�b �i�Q �`�2���+�i �i�Q �T�`�B�+�2 �B�M�+�2�M�i�B�p�2�b�- �i�?�m�b
�B�M�+�`�2���b�B�M�; �i�?�2 �T�`�B�+�2�@�b�2�M�b�B�i�B�p�B�i�v �Q�7 �i�?�2 �H�Q���/�X

�Ç �P�M �i�?�2 �H�Q�M�; �i�2�`�K�- �b�2�p�2�`���H �Q�i�?�2�` �7�2���i�m�`�2�b �+�Q�m�H�/ �+�Q�K�2 �B�M�i�Q �T�H���v�- �b�m�+�? ���b �2�M�2�`�;�v
�2�{�+�B�2�M�+�v �U�K�Q�`�2 �2�{�+�B�2�M�i �7�`�B�/�;�2�b�- �h�o�b�- �2�i�+�X �H�2���/�B�M�; �i�Q �� �H�Q�r�2�` �+�Q�M�b�m�K�T�i�B�Q�M�V�- �m�`�#���M
�/�2�p�2�H�Q�T�K�2�M�i �(�R�8�) �U�H�Q���/ �+�Q�M�b�m�K�T�i�B�Q�M �B�b ���z�2�+�i�2�/ �#�v �m�`�#���M�B�x���i�B�Q�M�- �F�2�2�T�B�M�; �B�M �K�B�M�/
�i�?���i �+�B�i�B�2�b �T�`�Q�p�B�/�2 �2�H�2�+�i�`�B�+�B�i�v�@�B�M�i�2�M�b�B�p�2 �b�2�`�p�B�+�2�b�V�- ���B�` �[�m���H�B�i�v �H�2�p�2�H �U�r�?�B�+�? �B�K�T���+�i�b
�Q�m�i�/�Q�Q�` ���+�i�B�p�B�i�B�2�b ���M�/ �i�?�m�b �2�H�2�+�i�`�B�+�B�i�v �+�Q�M�b�m�K�T�i�B�Q�M�V�- �b�Q�+�B�Q�@�2�+�Q�M�Q�K�B�+ �7���+�i�Q�`�b �b�m�+�?
���b �B�M�/�m�b�i�`�B���H �T�`�Q�/�m�+�i�B�Q�M �H�2�p�2�H�- �T�Q�T�m�H���i�B�Q�M�- �:�.�S�- �2�i�+�X
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�M�Q�i �#�2 �i���F�2�M �B�M�i�Q ���+�+�Q�m�M�i ���b �2�t�T�H���M���i�Q�`�v �p���`�B���#�H�2 �7�Q�` �i�?�2 �+�Q�M�b�m�K�T�i�B�Q�M�X �q�?���i �B�b �K�Q�`�2�-
�H�Q�M�;�@�i�2�`�K �7�2���i�m�`�2�b �U�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�B�K�2�b�+���H�2�b �Q�7 �b�2�p�2�`���H �K�Q�M�i�?�b �i�Q �b�2�p�2�`���H �v�2���`�b�V �+���M
�#�2 ���b�b�m�K�2�/ �+�Q�M�b�i���M�i �r�B�i�?�B�M �� �+�Q�m�T�H�2 �Q�7 �/���v�b ���M�/ �2�b�T�2�+�B���H�H�v �7�Q�` �b�?�Q�`�i�@�i�2�`�K �H�Q���/ �7�Q�`�2�+���b�i�@
�B�M�;�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�Q�b�2 �7�2���i�m�`�2�b �r�B�H�H �#�2 �/�B�b�`�2�;���`�/�2�/�X
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�2�p�2�M�i�- �Q�` �b�B�K�T�H�v �/�m�2 �i�Q �T�2�Q�T�H�2 �M�Q�i �;�Q�B�M�; �i�Q �r�Q�`�F ���M�/ �b�+�?�Q�Q�H �Q�M �i�?�Q�b�2 �/���v�b�X

�h�?�2 �+�Q�`�`�2�H���i�B�Q�M �#�2�i�r�2�2�M �b�+�?�Q�Q�H �?�Q�H�B�/���v�b ���M�/ �H�Q���/ �+�Q�M�b�m�K�T�i�B�Q�M �U�i�Q�T ���M�/ �#�Q�i�i�Q�K �;�`���T�?
�Q�7 �6�B�;�m�`�2�j�X�R�y�V �b�2�2�K�b �m�M���K�#�B�;�m�Q�m�b�- �r�B�i�? �U�B�M �i�`�2�M�/�V ���M �B�M�+�`�2���b�2 �+�Q�M�b�m�K�T�i�B�Q�M �/�m�`�B�M�;



�k�l �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�6�B�;�m�`�2 �j�X�N�,�a�h�G�/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �+�Q�M�b�m�K�T�i�B�Q�M �(�J�q�?�f�?�) �i�B�K�2�@�b�2�`�B�2�b �7�Q�` �i�?�2 �v�2���`
�k�y�R�d�- �r�?�2�`�2 �i�?�2 ���+�i�m���H �i�B�K�2�@�b�2�`�B�2�b �U�}�`�b�i �;�`���T�?�V �B�b �/�2�+�Q�K�T�Q�b�2�/ �B�M �i�?�`�2�2
�+�Q�K�T�Q�M�2�M�i�b�, �i�?�2 �i�`�2�M�/ �+�Q�K�T�Q�M�2�M�i �U�b�2�+�Q�M�/ �;�`���T�?�V�- �i�?�2 �b�2���b�Q�M���H �+�Q�K�T�Q�M�2�M�i
�U�i�?�B�`�/ �;�`���T�?�V ���M�/ �i�?�2 �`�2�b�B�/�m���H �+�Q�K�T�Q�M�2�M�i �U�7�Q�m�`�i�? �;�`���T�?�V�X

�i�?�2 �r�B�M�i�2�` �?�Q�H�B�/���v�b �B�M �6�2�#�`�m���`�v�- �� �/�`�Q�T �/�m�`�B�M�; �1���b�i�2�` �B�M ���T�`�B�H�- ���M�/ ���M�Q�i�?�2�` �/�`�Q�T �/�m�`�@
�B�M�; �#�Q�i�? �i�?�2 �b�m�K�K�2�` �?�Q�H�B�/���v�b ���M�/ �*�?�`�B�b�i�K���b�X �h�?�2 ���H�;�Q�`�B�i�?�K �/�Q�2�b �M�Q�i �T�2�`�7�Q�`�K �r�2�H�H
���i �/�2�i�2�+�i�B�M�; �b�+�?�Q�Q�H �?�Q�H�B�/���v�b �#�2�+���m�b�2 �i�?�2�v �B�M�/�m�+�2 �+�?���M�;�2�b�B�M �i�`�2�M�/�U�b�2�2 �b�2�+�Q�M�/ �;�`���T�?
�Q�7 �6�B�;�m�`�2�j�X�N�V �r�?�2�`�2���b �i�?�2 �Q�m�i�H�B�2�` �/�2�i�2�+�i�B�Q�M �#���b�2�/ �Q�M �i�?�2�a�h�G�/�2�+�Q�K�T�Q�b�B�i�B�Q�M �+�?�Q�Q�b�2�b
�r�?�2�i�?�2�` ���M �Q�#�b�2�`�p���i�B�Q�M �B�b �b�m�b�T�B�+�B�Q�m�b �Q�M�H�v �#���b�2�/ �Q�M �i�?�2 �`�2�b�B�/�m�2 �U�b�2�2 �7�Q�m�`�i�? �;�`���T�? �Q�7 �6�B�;�@
�m�`�2�j�X�N�V�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �B�i �B�b �� �;�Q�Q�/ �B�M�/�B�+���i�Q�` �Q�7 �`�2�H���i�B�p�2�H�v �7���b�i �+�?���M�;�2�b �B�M �+�Q�M�b�m�K�T�i�B�Q�M�X

�a�B�M�+�2 �i�?�2 �`�2���H �K�2���b�m�`�2�K�2�M�i�b �b�i�2�K �7�`�Q�K �B�M�/�B�p�B�/�m���H �b�K���`�i �K�2�i�2�`�b�- ���T�T�H�v�B�M�; ���M ���M�Q�K���H�v
�/�2�i�2�+�i�B�Q�M �K�2�i�?�Q�/ �i�Q �b�T�Q�i �K�2���b�m�`�2�K�2�M�i �2�`�`�Q�`�b ���i ���M ���;�;�`�2�;���i�2�/ �H�2�p�2�H �r�Q�m�H�/ �Q�M�H�v �#�2
�K�2���M�B�M�;�7�m�H �B�7 �� �7���m�H�i �Q�+�+�m�`�b �i�Q ���H�H �i�?�2 ���;�;�`�2�;���i�2�/ �K�2�i�2�`�b ���i �i�?�2 �b���K�2 �i�B�K�2�X �P�i�?�2�`�r�B�b�2�-



�k�Y�l �Q�n�j�I�C�3�a �0�3�j�3�,�j�C�R�N �k�k

�6�B�;�m�`�2 �j�X�R�y�,�h�B�K�2�@�b�2�`�B�2�b �Q�7 �i�?�2 �H�Q���/ �+�Q�M�b�m�K�T�i�B�Q�M �(�J�q�?�f�?�) �7�Q�` �i�?�2 �v�2���` �k�y�R�d �U�r�?�2�`�2
�i�?�2 �Q�m�i�H�B�2�`�b �7�`�Q�K �i�?�2�a�h�G�/�2�+�Q�K�T�Q�b�B�i�B�Q�M ���`�2 �?�B�;�?�H�B�;�?�i�2�/ �B�M �`�2�/�V�- ���H�Q�M�;
�r�B�i�? �i�?�2 �T�m�#�H�B�+ �?�Q�H�B�/���v�b ���M�/ �b�+�?�Q�Q�H �?�Q�H�B�/���v�b �`�2�T�`�2�b�2�M�i�2�/ ���b �#�B�M���`�v �p���`�B�@
���#�H�2�b�X�X

�i�?�2 �7���B�H�m�`�2 �Q�7 ���M �B�M�/�B�p�B�/�m���H �K�2�i�2�` �r�Q�m�H�/ �#�2 �/�`�Q�r�M�2�/ �B�M �i�?�2 �K���b�b �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b ���M�/
�r�Q�m�H�/ �#�2 �m�M�/�2�i�2�+�i���#�H�2�X �P�M�2 �+�Q�m�H�/ �i�?�B�M�F �Q�7 ���T�T�H�v�B�M�; �i�?�B�b �K�2�i�?�Q�/ �i�Q �b�T�Q�i �Q�m�i�H�B�2�`�b ���i �i�?�2
�B�M�/�B�p�B�/�m���H�f�#�m�B�H�/�B�M�; �H�2�p�2�H�- �#�m�i �i�?�2 �H���`�;�2 �M�m�K�#�2�` �Q�7 �#�m�B�H�/�B�M�;�b �B�M �i�?�2 �/���i���b�2�i �U�K�Q�`�2 �i�?���M
�k�3�y �y�y�y�V �K���F�2�b �i�?�2 ���M���H�v�b�B�b ���M�/ �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �2���+�? �T�Q�i�2�M�i�B���H �Q�m�i�H�B�2�` �m�M�7�2���b�B�#�H�2�X �A�M
�i�?�B�b �T�`�Q�D�2�+�i�- �B�i �r���b �/�2�+�B�/�2�/ �M�Q�i �i�Q �/�B�b�+���`�/ ���M�v �Q�#�b�2�`�p���i�B�Q�M �;�B�p�2�M �i�?���i ���H�H �i�?�2 �b�m�b�T�B�+�B�Q�m�b
�/���i�� �T�Q�B�M�i�b ���T�T�2���` �i�Q �#�2 �`�2���b�Q�M���#�H�2 �r�B�i�? �`�2�;���`�/ �i�Q �T���`�i�B�+�m�H���` �2�p�2�M�i�b �B�M �.�2�M�K���`�F�- ���i ���M
���;�;�`�2�;���i�2�/ �H�2�p�2�H�X �h�?�2 �H���i�i�2�` �/�2�+�B�b�B�Q�M �B�b �b�m�T�T�Q�`�i�2�/ �#�v �i�?�2 �7���+�i �i�?���i �`�Q�#�m�b�i �K�Q�/�2�H�b ���`�2 �M�Q�i
���z�2�+�i�2�/ �#�v �7�2�r �Q�m�i�H�B�2�`�b ���M�/ �i�?�2 �`�2�H���i�B�p�2�H�v �H���`�;�2 �M�m�K�#�2�` �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b �B�M �i�?�2 �/���i���b�2�i
�T�`�2�p�2�M�i�b �i�?�2 �K�Q�/�2�H�b �7�`�Q�K �Q�p�2�`�}�i�i�B�M�; �T�Q�i�2�M�i�B���H �2�`�`�Q�M�2�Q�m�b �/���i�� �T�Q�B�M�i�b�X
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�k�Y�k �T�a�C�R�a �C�N�8�R�a�L���j�C�R�N

�k�Y�k�Y�S �i�C�L�3 �@�R�a�C�y�R�N
�h�?�B�b �T�`�Q�D�2�+�i �i���+�F�H�2�b�a�h�G�6�- �?�2�M�+�2 ���H�H �H�2���/ �i�B�K�2�b �#�2�i�r�2�2�M �R ���M�/ �j�e �?�Q�m�`�b ���`�2 ���M���H�v�x�2�/�-
�r�?�B�+�? �B�b �B�M �H�B�M�2 �r�B�i�? �� �T���`�i�B�+�B�T���i�B�Q�M �Q�M �i�?�2 �/���v�@���?�2���/ �K���`�F�2�i �`�2�[�m�B�`�B�M�; �� �K���t�B�K�m�K �H�2���/
�i�B�K�2 �Q�7 �j�e �?�Q�m�`�b�X

�k�Y�k�Y�l �b�C�N�<�I�3�A�c�j�3�U �q�c �L�n�I�j�C�A�c�j�3�U �8�R�a�3�,���c�j�C�N�<
�A�M �i�B�K�2�@�b�2�`�B�2�b �7�Q�`�2�+���b�i�B�M�;�- �T�`�2�/�B�+�i�B�p�2 �K�Q�/�2�H�b �+���M �2�B�i�?�2�` �Q�m�i�T�m�i �� �b�B�M�;�H�2 �b�i�2�T �7�Q�`�2�+���b�i�- �Q�`
�/�B�`�2�+�i�H�v �� �K�m�H�i�B�@�b�i�2�T �7�Q�`�2�+���b�i�X �6�Q�` �B�M�b�i���M�+�2�- �7�Q�`�2�+���b�i�B�M�; �i�?�2 �Q�#�b�2�`�p���i�B�Q�M ���i �i�?�2 �M�2�t�i �i�B�K�2
�b�i�2�T ���H�Q�M�2 �`�2�H���i�2�b �i�Q �b�B�M�;�H�2 �b�i�2�T �T�`�2�/�B�+�i�B�Q�M�- �r�?�B�H�2 �7�Q�`�2�+���b�i�B�M�; �i�?�2 �M�2�t�i �R�y �Q�#�b�2�`�p���i�B�Q�M�b
���i �Q�M�+�2 �B�b �� �K�m�H�i�B�@�b�i�2�T �T�`�2�/�B�+�i�B�Q�M�X ���H�H �i�?�2 �K�Q�/�2�H�b �i�?���i ���`�2 �B�K�T�H�2�K�2�M�i�2�/ �B�M �i�?�B�b �T�`�Q�D�2�+�i
�+���M �/�Q �#�Q�i�? �i�v�T�2�b �Q�7 �7�Q�`�2�+���b�i�B�M�;�X �>�Q�r�2�p�2�`�- �B�M �Q�m�` �+���b�2�- �i�?�2 �2�t�T�H���M���i�Q�`�v �p���`�B���#�H�2�b �#�2�H�Q�M�;
�i�Q �#�Q�i�? �K�2���b�m�`�2�K�2�M�i �+���i�2�;�Q�`�v �U�+�Q�M�b�m�K�T�i�B�Q�M �K�2���b�m�`�2�K�2�M�i�- �2�i�+�X�V ���M�/ �7�Q�`�2�+���b�i �+���i�2�;�Q�`�v
�U�r�2���i�?�2�` �7�Q�`�2�+���b�i�b�- �2�H�2�+�i�`�B�+�B�i�v �T�`�B�+�2 �7�Q�`�2�+���b�i�b�- �2�i�+�X�V�X �6�Q�` �i�?���i �`�2���b�Q�M�- �i�Q �K���F�2 �i�?�2 �K�Q�b�i
�Q�m�i �Q�7 �i�?�2 �7�Q�`�2�+���b�i �B�M�7�Q�`�K���i�B�Q�M�- �i�?�2 �K�Q�/�2�H�b �r�B�H�H �#�2 �b�2�i �i�Q �b�B�M�;�H�2 �b�i�2�T �T�`�2�/�B�+�i�B�Q�M �Q�M�H�v�X

�k�Y�k�Y�k �7�3���j�n�a�3 �N�R�a�L���I�C�y���j�C�R�N
�A�M �i�?�2 �}�2�H�/ �Q�7 �T�`�2�/�B�+�i�B�p�2 ���M���H�v�b�B�b�- �b�+���H�B�M�; �i�?�2 �7�2���i�m�`�2�b �#�2�7�Q�`�2 ���T�T�H�v�B�M�; �� �T�`�2�/�B�+�i�B�p�2 �K�Q�/�2�H
�?���b �i�r�Q �K���B�M �#�2�M�2�}�i�b�,

�Ç �A�i �T�`�2�p�2�M�i�b �i�?�2 �H���`�;�2 �b�+���H�2 �7�2���i�m�`�2�b �7�`�Q�K �i���F�B�M�; �T�`�2�+�2�/�2�M�+�2�X �J�Q�b�i �T�`�2�/�B�+�i�B�p�2 �K�Q�/�@
�2�H�b �#�m�B�H�/ �Q�M �� �/�B�b�i���M�+�2 �K�2�i�`�B�+ �i�Q �+�Q�K�T�m�i�2 �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�r�Q �T�Q�B�M�i�b ���M�/
�M�Q�`�K���H�B�x���i�B�Q�M �2�M�b�m�`�2�b �i�?���i �7�2���i�m�`�2�b �+�Q�M�i�`�B�#�m�i�2 �2�p�2�M�H�v �i�Q �i�?�2 �Q�m�i�T�m�i �p���`�B���#�H�2�X

�Ç �P�T�i�B�K�B�x���i�B�Q�M ���H�;�Q�`�B�i�?�K�b �U�b�m�+�? ���b �;�`���/�B�2�M�i �/�2�b�+�2�M�i�V �+�Q�M�p�2�`�;�2 �K�m�+�? �7���b�i�2�`�X

�h�?�2 �K�B�M�@�K���t �b�+���H�B�M�; �K�2�i�?�Q�/ �r���b ���T�T�H�B�2�/ �i�Q �M�Q�`�K���H�B�x�2 �i�?�2 �7�2���i�m�`�2�b ���M�/ �i�?�2 �Q�m�i�T�m�i
�p���`�B���#�H�2�- �m�b�B�M�; �i�?�2 �#�m�B�H�i�@�B�M �7�m�M�+�i�B�Q�M�J�B�M�J���t�a�+���H�2�`�U�V�B�M �S�v�i�?�Q�M�X �h�?�B�b �K�2�i�?�Q�/ �b�[�m�2�2�x�2�b
�i�?�2 �B�M�B�i�B���H �p���H�m�2�b �B�M �i�?�2 �B�M�i�2�`�p���H �(�y�-�R�) ���b �7�Q�H�H�Q�r�b�,

X scaled =
X � min(X )

max(X ) � min(X )
�U�j�X�R�V

�k�Y�k�Y�: �T�3�a�8�R�a�L���N�,�3 �L�3�j�a�C�,�c
�h�?�`�2�2 �T�2�`�7�Q�`�K���M�+�2 �K�2�i�`�B�+�b �r�B�H�H �#�2 �m�b�2�/ �B�M �i�?�B�b �T�`�Q�D�2�+�i�,

�Ç �J���S�1 �U�J�2���M ���#�b�Q�H�m�i�2 �S�2�`�+�2�M�i���;�2 �1�`�`�Q�`�V�, �i�?�2�J���S�1 �;�B�p�2�b �i�?�2 ���#�b�Q�H�m�i�2 �2�`�`�Q�`
�B�M �T�2�`�+�2�M�i�X �h�?�2�J���S�1 �B�b �;�`�2���i�2�` �i�?���M �x�2�`�Q ���M�/ �b�?�Q�m�H�/ �#�2 ���b �b�K���H�H ���b �T�Q�b�b�B�#�H�2�X



�k�Y�k �T�a�C�R�a �C�N�8�R�a�L���j�C�R�N �k�9

MAPE [%] =
100
m

�
mX

i =1

�
�
�ŷ(i ) � y(i )

�
�
�

mean(y)
�U�j�X�k�V

�Ç �J�S�1 �U�J�2���M �S�2�`�+�2�M�i���;�2 �1�`�`�Q�`�V�, �i�?�2 �J�S�1 �;�B�p�2�b �i�?�2 �ô�#�B���b�ô �Q�7 �i�?�2 �7�Q�`�2�+���b�i �B�M
�T�2�`�+�2�M�i�X �h�?�2�J�S�1�+���M �#�2 �2�B�i�?�2�` �T�Q�b�B�i�B�p�2 �Q�` �M�2�;���i�B�p�2�X �6�Q�` �2�t���K�T�H�2�- �� �H���`�;�2 �M�2�;���i�B�p�2
�J�S�1�B�M�/�B�+���i�2�b �i�?���i �i�?�2 �K�Q�/�2�H �i�2�M�/�b �i�Q �m�M�/�2�`�2�b�i�B�K���i�2 �i�?�2 �T�`�2�/�B�+�i�2�/ �p���`�B���#�H�2 ���M�/
�p�B�+�2 �p�2�`�b���X �6�Q�` ���M �m�M�#�B���b�2�/ �K�Q�/�2�H�- �i�?�2�J�S�1�B�b �+�H�Q�b�2 �i�Q �x�2�`�Q�X

MPE [%] =
100
m

�
mX

i =1

ŷ(i ) � y(i )

mean(y)
�U�j�X�j�V

�Ç �J�_�S�1 �U�J���t�B�K�m�K �_�2�H���i�B�p�2 �S�2�`�+�2�M�i���;�2 �1�`�`�Q�`�V�, �i�?�2�J�_�S�1�b�B�K�T�H�v �;�B�p�2�b �i�?�2 �H���`�;�2�b�i
�7�Q�`�2�+���b�i�B�M�; �2�`�`�Q�` ���M�/ �B�M�/�B�+���i�2�b �B�7 �i�?�2 �K�Q�/�2�H �T�2�`�7�Q�`�K�b �T���`�i�B�+�m�H���`�H�v �#���/�H�v �Q�M �� �b�T�2�@
�+�B�}�+ �Q�#�b�2�`�p���i�B�Q�M�X

MRPE [%] = � 100� max

0

@

�
�
�ŷ(i ) � y(i )

�
�
�

mean(y)

1

A �U�j�X�9�V

�h�?�2 �/�2�M�Q�K�B�M���i�Q�` �Q�7 �i�?�2 �2�`�`�Q�` �K�2�i�`�B�+�b �r���b �+�?�Q�b�2�M �i�Q �#�2 �i�?�2 �K�2���M �Q�7 �i�?�2 �i�`�m�2 �p���H�m�2�b
�Umean(y) �B�M�b�i�2���/ �Q�7mean(y(i ))�V �i�Q �+�B�`�+�m�K�p�2�M�i �i�?�2 �T�`�Q�#�H�2�K �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b �+�H�Q�b�2 �i�Q �x�2�`�Q
�#�`�B�M�;�B�M�; �i�?�2 �2�`�`�Q�` �i�Q �B�M�}�M�B�i�v�X �h�?�B�b �T�`�2�+���m�i�B�Q�M �B�b �`�2�H�2�p���M�i �#�2�+���m�b�2 �i�?�B�b �T�`�Q�D�2�+�i �7�Q�+�m�b�2�b �Q�M
�2�H�2�+�i�`�B�+ �H�Q���/ ���M�/ �b�Q�K�2 �Q�#�b�2�`�p���i�B�Q�M�b �?���T�T�2�M �i�Q �#�2 �+�H�Q�b�2 �i�Q �x�2�`�Q�- �7�Q�` �2�t���K�T�H�2 �7�Q�` �i�?�2 �M�2�i
�+�Q�M�b�m�K�T�i�B�Q�M �r�?�B�+�? �?���b �#�Q�i�? �T�Q�b�B�i�B�p�2 ���M�/ �M�2�;���i�B�p�2 �p���H�m�2�b�X

�h�?�2 �`�2���/�2�` �b�?�Q�m�H�/ �#�2���` �B�M �K�B�M�/ �i�?���i �i�?�2�b�2 �i�?�`�2�2 �T�2�`�7�Q�`�K���M�+�2 �K�2�i�`�B�+�b ���`�2 �Q�M�H�v �b�m�K�K���`�v
�b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �7�m�H�H �2�`�`�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�- ���b �+���M �#�2 �b�2�2�M �B�M �6�B�;�m�`�2�j�X�R�R�X

�h�?�2�J���S�1�-�J�S�1 ���M�/�J�_�S�1�`�2�H���i�2�b �i�Q �i�?�2 �b�T�`�2���/�- �i�?�2 �#�B���b�- ���M�/ �i�?�2 �i���B�H �Q�7 �i�?�2 �2�`�`�Q�`
�/�B�b�i�`�B�#�m�i�B�Q�M�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�k�Y�k�Y�9 �+�a�R�c�c�A�q���I�C�0���j�C�R�N
�*�`�Q�b�b�@�p���H�B�/���i�B�Q�M �+���M �#�2 �m�b�2�/ �7�Q�` �#�Q�i�? �K�Q�/�2�H �b�2�H�2�+�i�B�Q�M ���M�/�f�Q�` �2�`�`�Q�` �2�b�i�B�K���i�B�Q�M�X �h�?�2
�F�@�7�Q�H�/ �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M �r���b �m�b�2�/ �i�Q �2�b�i�B�K���i�2 �i�?�2 �2�`�`�Q�`�X �6�Q�` �� �/���i���b�2�i �Q�7m �Q�#�b�2�`�p���i�B�Q�M�b�-
�i�?�B�b �K�2�i�?�Q�/ ���b�b�B�;�M�bk� 1

k m �Q�#�b�2�`�p���i�B�Q�M�b �i�Q �i�?�2 �i�`���B�M�B�M�; �b�2�i ���M�/m
k �Q�#�b�2�`�p���i�B�Q�M�b �i�Q �i�?�2

�i�2�b�i �b�2�i�X �6�B�;�m�`�2�j�X�R�k�B�H�H�m�b�i�`���i�2�b �i�?�2 �T�`�Q�+�2�b�b �Q�7 �b�2�H�2�+�i�B�Q�M �Q�7 �i�?�2 �i�2�b�i �b�2�i�- �r�?�2�`�2 �2���+�? �#�Q�t
�`�2�T�`�2�b�2�M�i�b �Q�M�2 �Q�#�b�2�`�p���i�B�Q�M �U�B�X�2�X �R�y �Q�#�b�2�`�p���i�B�Q�M�b �B�M �i�Q�i���H�- �r�B�i�? �3 �B�M �i�?�2 �i�`���B�M�B�M�; �b�2�i ���M�/
�k �B�M �i�?�2 �i�2�b�i �b�2�i�V�,

�Ç �6�Q�` �i�?�2 �}�`�b�i �b�T�H�B�i�- �� �`���M�/�Q�K �b�?�m�|�B�M�; �B�b �m�b�2�/ �i�Q �b�2�H�2�+�i �i�?�2 �i�2�b�i �Q�#�b�2�`�p���i�B�Q�M�b �U�`�2�/
�#�Q�t�2�b�V�X



�k�f �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�6�B�;�m�`�2 �j�X�R�R�,�A�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2 �i�?�`�2�2 �2�`�`�Q�` �K�2�i�`�B�+�b �U�J���S�1�-�J�S�1 ���M�/�J�_�S�1�V ���b
�b�m�K�K���`�v �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �2�`�`�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�X

�Ç �6�Q�` �i�?�2 �b�2�+�Q�M�/ �b�T�H�B�i�- �i�?�2 �i�2�b�i �Q�#�b�2�`�p���i�B�Q�M�b ���`�2 �`���M�/�Q�K�H�v �b�2�H�2�+�i�2�/ �r�B�i�?�B�M �i�?�2 �/���i��
�T�Q�B�M�i�b �i�?���i �?���p�2 �M�Q�i �#�2�2�M �m�b�2�/ ���b �i�2�b�i �Q�#�b�2�`�p���i�B�Q�M�b �v�2�i �U�/���`�F �#�H�m�2 �#�Q�t�2�b�V�X �h�?�2
�H�B�;�?�i �#�H�m�2 �#�Q�t�2�b �B�M�/�B�+���i�2 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �i�?���i �?���p�2 ���H�`�2���/�v �#�2�2�M �m�b�2�/ ���b �i�2�b�i
�T�Q�B�M�i�b ���M�/ �i�?���i �+���M �Q�M�H�v �#�2 ���b�b�B�;�M�2�/ �i�Q �i�`���B�M�B�M�; �b�2�i�b�X

�Ç �h�?�B�b �T�`�Q�+�2�b�b �B�b �`�2�T�2���i�2�/ �U�F �i�B�K�2�b�V �m�M�i�B�H ���H�H �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �?���p�2 �#�2�2�M ���b�b�B�;�M�2�/
�Q�M�+�2 �i�Q �� �i�2�b�i �b�2�i�X

�6�B�;�m�`�2 �j�X�R�k�,�.�B���;�`���K �B�H�H�m�b�i�`���i�B�M�; �i�?�2 �+�?�Q�B�+�2 �Q�7 �#�Q�i�? �i�2�b�i ���M�/ �i�`���B�M�B�M�; �b�2�i�b �7�Q�` �+�`�Q�b�b�@
�p���H�B�/���i�B�Q�M�X

�h�?�B�b �K�2�i�?�Q�/ �2�M�b�m�`�2�b �i�?���i ���H�H �Q�#�b�2�`�p���i�B�Q�M�b ���`�2 �m�b�2�/ �Q�M�+�2 �U���M�/ �Q�M�H�v �Q�M�+�2�V �i�Q �+���H�+�m�H���i�2 �i�?�2
�i�2�b�i �2�`�`�Q�`�X �h�?�2 �2�`�`�Q�` �B�b �i�?�2�M �2�b�i�B�K���i�2�/ ���b �i�?�2 �K�2���M �Q�7 �i�?�2k �2�`�`�Q�`�b �+���H�+�m�H���i�2�/ �7�`�Q�K �i�?�2
k �i�2�b�i �b�2�i�b�X



�k�Y�k �T�a�C�R�a �C�N�8�R�a�L���j�C�R�N �k�e

�h�?�2 �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M �b�T�H�B�i �i�?���i �r�Q�m�H�/ ���+�?�B�2�p�2 �i�?�2 �K�Q�b�i �`�Q�#�m�b�i �2�`�`�Q�` �2�b�i�B�K���i�B�Q�M �B�b �� �b�T�H�B�i
���b�b�B�;�M�B�M�; �� �b�B�M�;�H�2 �Q�#�b�2�`�p���i�B�Q�M �i�Q �i�?�2 �i�2�b�i �b�2�i�- ���M�/ ���H�H �i�?�2 �`�2�K���B�M�B�M�; �/���i�� �T�Q�B�M�i�b �i�Q �i�?�2
�i�`���B�M�B�M�; �b�2�i�X �h�?�2 �H���i�i�2�` �Q�T�i�B�K���H �b�T�H�B�i �T�`�Q�p�B�/�2�b �i�?�2 �i�`���B�M�B�M�; �b�2�i �r�B�i�? �i�?�2 �K���t�B�K�m�K �M�m�K�#�2�`
�Q�7 �Q�#�b�2�`�p���i�B�Q�M�b �U�i�?�m�b �`�2�/�m�+�B�M�; �Q�p�2�`�}�i�i�B�M�; ���M�/ �B�K�T�`�Q�p�B�M�; �7�Q�`�2�+���b�i�B�M�; �T�2�`�7�Q�`�K���M�+�2�V �r�?�B�H�2
�2�M�?���M�+�B�M�; �i�?�2 �2�`�`�Q�` �2�b�i�B�K���i�B�Q�M �#�v ���p�2�`���;�B�M�; �Q�p�2�` �K���M�v �i�2�b�i �b�2�i�b�X �>�Q�r�2�p�2�`�- �+�Q�K�T�m�i���i�B�Q�M
�i�B�K�2 �B�M�+�`�2���b�2�b �r�B�i�? �B�M�+�`�2���b�B�M�; �M�m�K�#�2�` �Q�7 �7�Q�H�/�bk�- ���M�/ �� �i�`���/�2�@�Q�z �?���b �i�Q �#�2 �7�Q�m�M�/ �#�2�i�r�2�2�M
�K�Q�/�2�H �T�2�`�7�Q�`�K���M�+�2 ���M�/ �2�`�`�Q�` �2�b�i�B�K���i�B�Q�M ���+�+�m�`���+�v �Q�M �i�?�2 �Q�M�2 �?���M�/�c ���M�/ �`�2���b�Q�M���#�H�2
�+�Q�K�T�m�i���i�B�Q�M �i�B�K�2 �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�X �.�B�z�2�`�2�M�i �M�m�K�#�2�`�b �Q�7 �7�Q�H�/�b �r�2�`�2 �i�`�B�2�/ �Q�m�i ���M�/ �B�i
�r���b �7�Q�m�M�/ �Q�m�i �i�?���i �i�?�2 �T�`�2�/�B�+�i�B�M�; �T�2�`�7�Q�`�K���M�+�2 �r���b �K�m�+�? �r�Q�`�b�2�M�2�/ �7�Q�` �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M�b
�r�B�i�? �H�2�b�b �i�?���M �8 �7�Q�H�/�b�X �>�Q�r�2�p�2�`�- �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �i�2�M�/�2�/ �i�Q �b�i���#�B�H�B�x�2 �7�Q�` �K�Q�`�2 �i�?���M �R�y
�7�Q�H�/�b ���M�/ �M�Q �/�B�z�2�`�2�M�+�2 �r���b �M�Q�i�B�+�2���#�H�2 ���#�Q�p�2 �i�?���i�X �6�Q�` �i�?���i �`�2���b�Q�M�- ���H�H �i�?�2 �K�Q�/�2�H�b �r�2�`�2
�i�`���B�M�2�/ �r�B�i�? �� �R�y�@�7�Q�H�/ �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M �B�M �i�?�B�b �T�`�Q�D�2�+�i�X

�k�Y�k�Y�f �;�a�C�0 �b�3���a�,�@
�� �K���+�?�B�M�2 �H�2���`�M�B�M�; �K�Q�/�2�H �+���M �?���p�2 �i�r�Q �i�v�T�2�b �Q�7 �T���`���K�2�i�2�`�,

�Ç �>�v�T�2�`�T���`���K�2�i�2�`�, �A�i�b �p���H�m�2 �M�2�2�/�b �i�Q �#�2 �b�2�i �#�2�7�Q�`�2 �i�?�2 �H�2���`�M�B�M�; �T�`�Q�+�2�b�b �#�2�;�B�M�b�X
�A�M �� �M�2�m�`���H �M�2�i�r�Q�`�F�- �i�?�2 �M�m�K�#�2�` �Q�7 �M�2�m�`�Q�M�b ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �H���v�2�`�b ���`�2 �i�r�Q
�2�t���K�T�H�2�b �Q�7 �?�v�T�2�`�T���`���K�2�i�2�`�b�X

�Ç �S���`���K�2�i�2�`�, �A�i�b �p���H�m�2 �B�b �/�2�`�B�p�2�/ �/�m�`�B�M�; �i�?�2 �H�2���`�M�B�M�; �T�`�Q�+�2�b�b�X �A�M �� �M�2�m�`���H �M�2�i�r�Q�`�F�-
�i�?�2 �M�Q�/�2 �r�2�B�;�?�i�b ���`�2 �2�t���K�T�H�2�b �Q�7 �T���`���K�2�i�2�`�b�X

�6�Q�` �i�?�2 �T�`�2�/�B�+�i�B�p�2 �K�Q�/�2�H�b�- �?�v�T�2�`�T���`���K�2�i�2�`�b �r�2�`�2 �i�m�M�2�/ �m�b�B�M�; �� �K�2�i�?�Q�/ �+���H�H�2�/ �;�`�B�/ �b�2���`�+�?�X
�� �;�`�B�/ �b�2���`�+�? �+�Q�M�b�B�b�i�b �Q�7 �2�t�?���m�b�i�B�p�2�H�v �b�2���`�+�?�B�M�; �i�?�`�Q�m�;�? �b�m�#�b�2�i�b �Q�7 �?�v�T�2�`�T���`���K�2�i�2�`�b �B�M
�Q�`�/�2�` �i�Q �}�M�/ �i�?�2 �Q�T�i�B�K���H �Q�M�2�b�X �� �;�`�B�/ �b�2���`�+�? �+�Q�K�T���`�2�b �b�2�p�2�`���H �p���H�m�2�b �Q�7 �� �;�B�p�2�M �?�v�T�2�`�@
�T���`���K�2�i�2�` ���M�/ �T�B�+�F�b �i�?�2 �Q�M�2 �i�?���i �K�B�M�B�K�B�x�2�b �i�?�2 �7�Q�`�2�+���b�i�B�M�; �2�`�`�Q�`�X �h�?�2 �H���i�i�2�` �2�`�`�Q�` �B�b
�2�b�i�B�K���i�2�/ �m�b�B�M�; �� �R�y�@�7�Q�H�/ �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M �7�Q�` ���H�H �i�?�2 �K�Q�/�2�H�b�X

�"�2�+���m�b�2 ���T�T�H�v�B�M�; �j�e �/�B�z�2�`�2�M�i �;�`�B�/ �b�2���`�+�?�2�b �U�Q�M�2 �7�Q�` �2���+�? �H�2���/ �i�B�K�2�V �B�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v
�m�M�7�2���b�B�#�H�2�- �i�?�2 �;�`�B�/ �b�2���`�+�? �r���b �Q�M�H�v �+���`�`�B�2�/ �Q�m�i �7�Q�` �� �b�B�M�;�H�2 �H�2���/ �i�B�K�2 �U�}�t�2�/ �i�Q �j�e �?�Q�m�`�b�V�X
�h�?�2 �Q�T�i�B�K���H �?�v�T�2�`�T���`���K�2�i�2�`�b �r�2�`�2 �i�?�2�M �`�2�@�m�b�2�/ �7�Q�` ���H�H �i�?�2 �Q�i�?�2�` �H�2���/ �i�B�K�2�b ���b �r�2�H�H�X



�k�4 �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�k�Y�: �K�R�0�3�I�c �R�q�3�a�q�C�3�s
�h�?�B�b �b�2�+�i�B�Q�M ���B�K�b ���i �/�2�b�+�`�B�#�B�M�; �i�?�2 �7�Q�`�2�+���b�i�B�M�; �K�Q�/�2�H�b �7�`�Q�K �� �K���i�?�2�K���i�B�+���H �T�Q�B�M�i �Q�7
�p�B�2�r�X �l�M�/�2�`�b�i���M�/�B�M�; �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M ���H�;�Q�`�B�i�?�K �m�M�/�2�`�H�v�B�M�; �� �T�`�2�/�B�+�i�B�p�2 �K�Q�/�2�H �B�b ���H�@
�r���v�b �m�b�2�7�m�H �i�Q �;�2�i �� �b�2�M�b�2 �Q�7 �?�Q�r �i�Q �i�r�2���F ���M�/ �B�M�i�2�`�T�`�2�i �?�v�T�2�`�T���`���K�2�i�2�`�b�X �A�M �r�?���i
�7�Q�H�H�Q�r�b�- �� �i�`���B�M�B�M�; �b�2�i �+�Q�K�T�Q�b�2�/ �Q�7m �Q�#�b�2�`�p���i�B�Q�M�b ���M�/d �7�2���i�m�`�2�b �r�B�H�H �#�2 �+�Q�M�b�B�/�2�`�2�/�,n
(x(1) ; y(1) ); : : : ; (x(m) ; y(m))

o
� (Rd � R)�X �h�?�2 �b�m�T�2�`�b�+�`�B�T�i �U�X�V �r�B�H�H �`�2�7�2�` �i�Q �i�?�2 �Q�#�b�2�`�p���@

�i�B�Q�M�- �r�?�B�H�2 �i�?�2 �b�m�#�b�+�`�B�T�i �r�B�H�H �`�2�7�2�` �i�Q �i�?�2 �7�2���i�m�`�2�X �6�Q�` �2�t���K�T�H�2�-x(2)
5 �`�2�H���i�2�b �i�Q �i�?�25th

�7�2���i�m�`�2 �Q�7 �i�?�22nd �Q�#�b�2�`�p���i�B�Q�M�X �6�B�M���H�H�v�- �#�Q�H�/ �H�Q�r�2�` �+���b�2 �H�2�i�i�2�`�b �r�B�H�H �`�2�H���i�2 �i�Q �p�2�+�i�Q�`�b�- ���M�/
�#�Q�H�/ �m�T�T�2�` �+���b�2 �Q�M�2�b �r�B�H�H �`�2�H���i�2 �i�Q �K���i�`�B�+�2�b�X �6�Q�` �2�t���K�T�H�2�,

y =

2

6
6
6
6
4

y(1)

y(2)

�X�X�X
y(m)

3

7
7
7
7
5

�`�2�7�2�`�b �i�Q �i�?�2m �Q�#�b�2�`�p���i�B�Q�M�b �Q�7 �i�?�2 �Q�m�i�T�m�i �p�2�+�i�Q�`

x (i ) =

2

6
6
6
6
6
4

x(i )
1

x(i )
2
�X�X�X

x(i )
d

3

7
7
7
7
7
5

�`�2�7�2�`�b �i�Q �i�?�2d �7�2���i�m�`�2�b �Q�7 �Q�#�b�2�`�p���i�B�Q�Mi

�k�Y�:�Y�S �#�3�N�,�@�L���a�G �L�R�0�3�I�c�- �U�3�a�c�C�c�j�3�N�,�3 ���N�0 �,�I�C�L���j�R�I�R�<�w
�h�Q �2�M�b�m�`�2 �i�?�2 �[�m���H�B�i�v �Q�7 �i�?�2 �7�Q�`�2�+���b�i�B�M�; �K�2�i�?�Q�/�b�- �i�r�Q �p�2�`�v �b�B�K�T�H�2 �K�Q�/�2�H�b �r�2�`�2 �m�b�2�/ ���b
�� �#�2�M�+�?�K���`�F�- �M���K�2�H�v �i�?�2 �T�2�`�b�B�b�i�2�M�+�2 ���M�/ �i�?�2 �+�H�B�K���i�Q�H�Q�;�v �7�Q�`�2�+���b�i�b�,

�Ç �h�?�2�T�2�`�b�B�b�i�2�M�+�2 �7�Q�`�2�+���b�i�+�Q�M�b�B�b�i�b �Q�7 �m�b�B�M�; �i�?�2 �H���b�i �K�2���b�m�`�2�K�2�M�i ���p���B�H���#�H�2 ���b
�Q�m�` �7�Q�`�2�+���b�i�X �6�Q�` �B�M�b�i���M�+�2�- �7�Q�` �� �H�2���/ �i�B�K�2 �Q�7 �8 �?�Q�m�`�b�- �i�?�2 �T�2�`�b�B�b�i�2�M�+�2 �7�Q�`�2�+���b�i �7�Q�`
�i�4�R�k�,�y�y ���J �B�b �i�?�2 �i�`�m�2 �Q�#�b�2�`�p���i�B�Q�M ���i �i�4�d�,�y�y ���J�X �h�?�2 �T�2�`�b�B�b�i�2�M�+�2 �K�Q�/�2�H �B�b �#���b�2�/
�Q�M �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���i �i�?�2�`�2 �B�b �B�M�2�`�i�B�� �B�M �i�?�2 �[�m���M�i�B�i�v �i�Q �T�`�2�/�B�+�i�- �i�?���i �B�b�- �i�?�2
�[�m���M�i�B�i�v �/�Q�2�b �M�Q�i �~�m�+�i�m���i�2 �i�Q�Q �`���T�B�/�H�v �7�`�Q�K �Q�M�2 �Q�#�b�2�`�p���i�B�Q�M �i�Q ���M�Q�i�?�2�`�- ���M�/ �i�?�2
�H���b�i �K�2���b�m�`�2�K�2�M�i ���p���B�H���#�H�2 �B�b �� �;�Q�Q�/ �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �p���H�m�2�b �i�Q �+�Q�K�2�X �6�Q�` �i�?���i
�`�2���b�Q�M�- �i�?�2 �T�2�`�b�B�b�i�2�M�+�2 �7�Q�`�2�+���b�i �i�v�T�B�+���H�H�v �T�2�`�7�Q�`�K�b �r�2�H�H �7�Q�` �b�?�Q�`�i �H�2���/ �i�B�K�2 �Q�` �7�Q�`
�?�B�;�?�H�v �B�M�2�`�i�B���H �T�?�2�M�Q�K�2�M���X

�Ç �h�?�2�+�H�B�K���i�Q�H�Q�;�v �7�Q�`�2�+���b�i�+�Q�M�b�B�b�i�b �Q�7 �m�b�B�M�; �i�?�2 ���p�2�`���;�2 �Q�7 �i�?�2 �H���b�in �K�2���b�m�`�2�@
�K�2�M�i�b ���p���B�H���#�H�2 ���b �Q�m�` �7�Q�`�2�+���b�i�X �h�?�2 �i�2�`�K �ô�+�H�B�K���i�Q�H�Q�;�v�ô �b�i�2�K�b �7�`�Q�K �K�2�i�2�Q�`�Q�H�Q�;�B�b�i�b
���M�/ �+�H�B�K���i�Q�H�Q�;�B�b�i�b �r�?�Q �m�b�2 �i�?�B�b ���T�T�`�Q���+�? �i�Q �;�2�M�2�`���i�2 �b�B�K�T�H�2 �r�2���i�?�2�` �7�Q�`�2�+���b�i�b�X �A�M
�i�?�B�b �T�`�Q�D�2�+�i�- �i�?�2 �M�m�K�#�2�` �Q�7 ���p�2�`���;�2�/ �K�2���b�m�`�2�K�2�M�i�bn �r���b ���`�#�B�i�`���`�B�H�v �b�2�i �i�Q �R�e�3
�U�B�X�2�X �Q�M�2 �r�2�2�F �Q�7 �?�Q�m�`�H�v �K�2���b�m�`�2�K�2�M�i�b�V�X �6�Q�` �B�M�b�i���M�+�2�- �7�Q�` �� �H�2���/ �i�B�K�2 �Q�7 �8 �?�Q�m�`�b�-
�i�?�2 �+�H�B�K���i�Q�H�Q�;�v �7�Q�`�2�+���b�i �7�Q�` �i�4�R�k�,�y�y ���J �B�b �i�?�2 ���p�2�`���;�2 �Q�7 �i�?�2 �H���b�i �R�e�3 �Q�#�b�2�`�p���i�B�Q�M�b
�T�`�B�Q�` �i�Q �i�4�d�,�y�y ���J�X �h�?�2 �+�H�B�K���i�Q�H�Q�;�v �K�Q�/�2�H �B�b �2�b�T�2�+�B���H�H�v �`�2�H�2�p���M�i �7�Q�` �b�i���i�B�Q�M���`�v



�k�Y�: �K�R�0�3�I�c �R�q�3�a�q�C�3�s �k�O

�i�B�K�2�@�b�2�`�B�2�b�- �r�?�2�`�2 �i�?�2 ���p�2�`���;�2 �Q�7 �i�?�2 �H���b�i �K�2���b�m�`�2�K�2�M�i�b �T�`�Q�p�B�/�2�b �� �;�Q�Q�/ ���T�T�`�Q�t�@
�B�K���i�B�Q�M �Q�7 �i�?�2 �M�2�t�i �Q�#�b�2�`�p���i�B�Q�M�b�- ���b�b�m�K�B�M�; �i�?���i �i�?�2 �b�?�Q�`�i�@�i�2�`�K �~�m�+�i�m���i�B�Q�M�b ���`�2
�M�Q�i �i�Q�Q �H���`�;�2�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �+�H�B�K���i�Q�H�Q�;�v �r�Q�m�H�/ �i�2�M�/ �i�Q �m�M�/�2�`�2�b�i�B�K���i�2 �i�?�2 �i�`�m�2
�p���H�m�2�b �7�Q�` �� �M�Q�M�@�b�i���i�B�Q�M���`�v �i�B�K�2�@�b�2�`�B�2�b �r�B�i�? ���M �B�M�+�`�2���b�B�M�; �i�`�2�M�/�X

�h�?�2 �i�r�Q �H���i�i�2�` �K�Q�/�2�H�b �Q�M�H�v �#�m�B�H�/ �Q�M �?�B�b�i�Q�`�B�+���H �/���i�� ���M�/ �/�Q �M�Q�i �K���F�2 �m�b�2 �Q�7 ���M�v �Q�i�?�2�`
�2�t�T�H���M���i�Q�`�v �p���`�B���#�H�2�b�X �h�?�2�v �r�2�`�2 �+�?�Q�b�2�M �7�Q�` �i�?�2�B�` �2���b�2 �Q�7 �B�K�T�H�2�K�2�M�i���i�B�Q�M ���M�/ �#�2�+���m�b�2
���M�v �K�Q�`�2 �+�Q�K�T�H�2�t ���H�;�Q�`�B�i�?�K �B�b �2�t�T�2�+�i�2�/ �i�Q �Q�m�i�T�2�`�7�Q�`�K �i�?�2�K�X

�k�Y�:�Y�l �?�R�I�j�A�r�C�N�j�3�a�c �L�3�j�@�R�0

�k�Y�:�Y�l�Y�S �b�C�L�U�I�3 �3�u�U�R�N�3�N�j�C���I �c�L�R�R�j�@�C�N�<

�1�t�T�Q�M�2�M�i�B���H �b�K�Q�Q�i�?�B�M�; �B�b �� �b�K�Q�Q�i�?�B�M�; �i�2�+�?�M�B�[�m�2 �i�?���i �+���M ���H�b�Q �#�2 �2�t�T�H�Q�B�i�2�/ ���b �� �p�2�`�v
�b�B�K�T�H�2 �7�Q�`�2�+���b�i�B�M�; �K�2�i�?�Q�/�X �� �7�Q�`�2�+���b�i �Q�#�b�2�`�p���i�B�Q�Mŷ(t+1) �B�b �2�b�i�B�K���i�2�/ �#�v �i�?�2 �r�2�B�;�?�i�2�/
���p�2�`���;�2 �Q�7 �i�?�2 �T���b�i �Q�#�b�2�`�p���i�B�Q�M�b�- �r�?�2�`�2 �i�?�2 �r�2�B�;�?�i�b �/�2�+�`�2���b�2 �2�t�T�Q�M�2�M�i�B���H�H�v �r�B�i�? �i�B�K�2�,

ŷ(t+1) = st = �y (t ) + (1 � � )s(t � 1)

= �
h
y(t ) + (1 � � )y(t � 1) + (1 � � )2y(t � 2) + (1 � � )3y(t � 3) + ::: + (1 � � )t � 1y(1)

i

+ (1 � � )ty(0)

�U�j�X�8�V

�h�?�B�b �K�2�i�?�Q�/ �/�Q�2�b �M�Q�i �B�M�p�Q�H�p�2 ���M�v �2�t�T�H���M���i�Q�`�v �p���`�B���#�H�2�b ���M�/ �#�m�B�H�/�b �Q�M �i�?�2 ���b�b�m�K�T�i�B�Q�M
�i�?���i �i�?�2 �+�H�Q�b�2�` �B�M �i�B�K�2 ���M �Q�#�b�2�`�p���i�B�Q�M �B�b�- �i�?�2 �K�Q�`�2 �p���H�m���#�H�2�X

�h�?�2 �b�K�Q�Q�i�?�B�M�; �7���+�i�Q�`� �i���F�2�b �p���H�m�2�b �#�2�i�r�2�2�M �y ���M�/ �R ���M�/ �i�?�2 �b�K���H�H�2�` �i�?�2� �- �i�?�2 �H���`�;�2�`
�i�?�2 �b�K�Q�Q�i�?�B�M�; �2�z�2�+�i�X �h�?�2 �2�t�i�`�2�K�2 �p���H�m�2� = 1 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �T�2�`�b�B�b�i�2�M�+�2 �7�Q�`�2�+���b�i�-
�r�?�2�`�2 �i�?�2 �T�`�2�/�B�+�i�2�/ �Q�#�b�2�`�p���i�B�Q�M �2�[�m���H�b �i�?�2 �H���i�2�b�i �K�2���b�m�`�2�/ �T�Q�B�M�i�X

�k�Y�:�Y�l�Y�l �i�a�C�U�I�3 �3�u�U�R�N�3�N�j�C���I �c�L�R�R�j�@�C�N�<

�>�Q�H�i�@�q�B�M�i�2�`�b �K�2�i�?�Q�/ �B�b ���H�b�Q �F�M�Q�r�M ���b �i�`�B�T�H�2 �2�t�T�Q�M�2�M�i�B���H �b�K�Q�Q�i�?�B�M�; �#�2�+���m�b�2 �B�i ���T�T�H�B�2�b
���M �2�t�T�Q�M�2�M�i�B���H �b�K�Q�Q�i�?�B�M�; �Q�M �i�?�`�2�2 �7�2���i�m�`�2�b �Q�7 �i�?�2 �i�B�K�2�@�b�2�`�B�2�b�,

�Ç �G�2�p�2�H�,�i�?�2 �p���H�m�2 �Q�7 ���M �Q�#�b�2�`�p���i�B�Q�M�X �h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �b�B�K�T�H�2 �2�t�T�Q�M�2�M�i�B���H
�b�K�Q�Q�i�?�B�M�;�, �7�Q�` �i�?�2 �M�2�t�i �i�B�K�2 �b�i�2�T�- �i�?�2 �H�2�p�2�H �B�b �2�b�i�B�K���i�2�/ ���b �i�?�2 �2�t�T�Q�M�2�M�i�B���H�H�v
�r�2�B�;�?�i�2�/ ���p�2�`���;�2 �Q�7 �i�?�2 �T���b�i �Q�#�b�2�`�p���i�B�Q�M�b�ö �H�2�p�2�H�X

�Ç �h�`�2�M�/�,�i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�r�Q �+�Q�M�b�2�+�m�i�B�p�2 �Q�#�b�2�`�p���i�B�Q�M�b�X �6�Q�` �i�?�2 �M�2�t�i �i�B�K�2
�b�i�2�T�- �i�?�2 �i�`�2�M�/ �B�b �2�b�i�B�K���i�2�/ ���b �i�?�2 �2�t�T�Q�M�2�M�i�B���H�H�v �r�2�B�;�?�i�2�/ ���p�2�`���;�2 �Q�7 �i�?�2 �T���b�i
�Q�#�b�2�`�p���i�B�Q�M�b�ö �i�`�2�M�/�X



�:�z �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�Ç �a�2���b�Q�M���H�B�i�v�,�i�?�2 �T�2�`�B�Q�/�B�+�B�i�v �Q�7 �i�?�2 �i�B�K�2�@�b�2�`�B�2�b�X �6�Q�` �i�?�2 �M�2�t�i �i�B�K�2 �b�i�2�T�- �i�?�2 �2�t�@
�T�Q�M�2�M�i�B���H�H�v �r�2�B�;�?�i�2�/ ���p�2�`���;�2 �Q�7 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �Q�M�2 �b�2���b�Q�M ���;�Q�- �i�r�Q �b�2���b�Q�M�b ���;�Q�-
�i�?�`�2�2 �b�2���b�Q�M�b ���;�Q �B�b ���H�b�Q �+�Q�M�b�B�/�2�`�2�/�X

�S�v�i�?�Q�M�ö�b �#�m�B�H�i�@�B�M �7�m�M�+�i�B�Q�M�?�Q�H�i�r�B�M�i�2�`�b�X�1�t�T�Q�M�2�M�i�B���H�a�K�Q�Q�i�?�B�M�;�U�V�r���b �m�b�2�/ �i�Q �Q�T�i�B�@
�K�B�x�2 �i�?�2 �i�?�`�2�2 �T���`���K�2�i�2�`�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �H�2�p�2�H�- �i�`�2�M�/ ���M�/ �b�2���b�Q�M���H�B�i�v �Q�7 �i�?�2 �i�B�K�2�@
�b�2�`�B�2�b�X �>�Q�H�i�@�q�B�M�i�2�`�b �K�2�i�?�Q�/ �r���b ���T�T�H�B�2�/ �i�Q �7�Q�`�2�+���b�i �i�?�2 �i�Q�i���H ���;�;�`�2�;���i�2�/ �+�Q�M�b�m�K�T�i�B�Q�M
�k �/���v�b ���?�2���/ �U�B�X�2�X �r�B�i�? �� �H�2���/ �i�B�K�2 �H�v�B�M�; �#�2�i�r�2�2�M �R ���M�/ �9�3 �?�Q�m�`�b�V �Q�p�2�` �i�?�2 �K�Q�M�i�?
�Q�7 �.�2�+�2�K�#�2�`�X �h�?�B�b �K�2�i�?�Q�/ �Q�m�i�T�m�i�b �7���B�`�H�v �;�Q�Q�/ �`�2�b�m�H�i�b�- �B�M �T���`�i�B�+�m�H���` �7�Q�` �i�?�2 �K�Q�M�i�? �Q�7
�.�2�+�2�K�#�2�` �r�?�Q�b�2 �+�Q�M�b�m�K�T�i�B�Q�M �B�b �M�Q�i ���b �+�Q�M�b�B�b�i�2�M�i ���b �i�?�2 �`�2�b�i �Q�7 �i�?�2 �v�2���` �r�B�i�? �b�T�2�+�B���H
�2�p�2�M�i�b �b�m�+�? ���b �*�?�`�B�b�i�K���b�- �L�2�r �u�2���`�ö�b �1�p�2�- �2�i�+�X ���M�/ �B�i �2�t�?�B�#�B�i�b ���M ���p�2�`���;�2�J���S�1 �Q�7
�d�X�k%�- ���M ���p�2�`���;�2�J�S�1�Q�7 �@�y�X�9% �U�B�M�/�B�+���i�B�M�; �M�Q �2�t�+�2�b�b�B�p�2 �#�B���b�V ���M�/ ���M ���p�2�`���;�2�J�_�S�1�Q�7
�j�e�X�8% �U�B�M�/�B�+���i�B�M�; �i�?���i �i�?�2 �K�Q�/�2�H �T�2�`�7�Q�`�K�b �T�Q�Q�`�H�v �Q�M �b�Q�K�2 �b�T�2�+�B�}�+ �Q�#�b�2�`�p���i�B�Q�M�b�V�X �h�?�B�b
�K�Q�/�2�H �r�B�H�H �M�Q�i �#�2 �/�B�b�+�m�b�b�2�/ �7�m�`�i�?�2�` �B�M �a�2�+�i�B�Q�M�j�X�8�;�B�p�2�M �i�?���i �B�i�b �T�2�`�7�Q�`�K���M�+�2 ���`�2 �K�m�+�?
�r�Q�`�b�2 �i�?���M �i�?�2 �K�Q�`�2 �+�Q�K�T�H�2�t �K�Q�/�2�H�b �/�2�b�+�`�B�#�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�X

�k�Y�:�Y�k �K�n�I�j�C�U�I�3 �H�C�N�3���a �`�3�<�a�3�c�c�C�R�N �V�K�H�`�W

�k�Y�:�Y�k�Y�S �b�C�L�U�I�3�K�H�`

���M�J�G�_�b�B�K�T�H�v �+�Q�M�b�B�b�i�b �Q�7 �� �H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M �r�B�i�? �b�2�p�2�`���H �2�t�T�H���M���i�Q�`�v �p���`�B���#�H�2�b �U�Q�`
�7�2���i�m�`�2�b�V�X �6�Q�` �2���+�? �Q�#�b�2�`�p���i�B�Q�Mi �- �B�i �+���M �#�2 �r�`�B�i�i�2�M�,

y(i ) = � 0 + � 1x(i )
1 + � � � + � dx(i )

d + � (i ) �U�j�X�e�V

�h�?�2 �Q�T�i�B�K���H �+�Q�2�{�+�B�2�M�i�b ���`�2 �i�?�2 �Q�M�2�b �K�B�M�B�K�B�x�B�M�; �i�?�2 �b�m�K �Q�7 �b�[�m���`�2�/ �`�2�b�B�/�m���H�b�- �r�?�B�+�?
���`�2�,

mX

i =1

(� (i ))2 =
mX

i =1

0

@y(i ) � � 0 �
dX

j =1

� j x
(i )
j

1

A

2

�U�j�X�d�V

�h�Q �;�2�i �� �K�Q�`�2 �+�Q�K�T���+�i �M�Q�i���i�B�Q�M�- �K���i�`�B�+�2�b ���M�/ �p�2�+�i�Q�`�b �r�B�H�H �#�2 �m�b�2�/ �7�Q�` �i�?�2 �/�2�`�B�p���i�B�Q�M�b�,

X =

2

6
6
6
6
6
4

1 x(1)
1 x(1)

2 � � � x(1)
d

1 x(2)
1 x(2)

2 � � � x(2)
d

�X�X�X
�X�X�X

�X�X�X
�X�X�X

1 x(m)
1 x(m)

2 � � � x(m)
d

3

7
7
7
7
7
5

; � =

2

6
6
6
6
4

� 0

� 1
�X�X�X

� d

3

7
7
7
7
5

; � =

2

6
6
6
6
4

� (1)

� (2)

�X�X�X
� (m)

3

7
7
7
7
5

�U�j�X�3�V

�L�Q�i�2 �i�?���i �i�?�2 �#�B���b� 0 �B�b �?�2�`�2 �B�M�+�H�m�/�2�/ �B�M �i�?�2 �+�Q�2�{�+�B�2�M�i �p�2�+�i�Q�`� �- �b�m�+�? �i�?���i �i�?�2 �B�M�T�m�i
�K���i�`�B�tX �?���b ���M ���/�/�B�i�B�Q�M���H �+�Q�H�m�K�M �r�B�i�? �Q�M�H�v �R�X �h�?�B�b �+�?�Q�B�+�2 �b�m�#�b�i���M�i�B���H�H�v �b�B�K�T�H�B�}�2�b
�i�?�2 �M�Q�i���i�B�Q�M�X �>�Q�r�2�p�2�`�- �7�Q�` �i�?�2 �Q�i�?�2�` �K�Q�/�2�H�b �U�a�m�T�T�Q�`�i �o�2�+�i�Q�` �_�2�;�`�2�b�b�B�Q�M ���M�/ �L�2�m�`���H



�k�Y�: �K�R�0�3�I�c �R�q�3�a�q�C�3�s �:�S

�L�2�i�r�Q�`�F�b�V�- �i�?�2 �#�B���b �r�B�H�H �#�2 �F�2�T�i �B�b�Q�H���i�2�/ �7�`�Q�K �i�?�2 �Q�i�?�2�` �r�2�B�;�?�i�b�- �b�m�+�? �i�?���i �i�?�2 �/�m�K�K�v
�+�Q�H�m�K�M �Q�7 �R�b �r�B�H�H �M�Q�i ���T�T�2���` ���M�v�K�Q�`�2 �B�MX �X

�q�B�i�? �i�?�B�b �M�2�r �M�Q�i���i�B�Q�M�- �i�?�2�J�G�_�K�Q�/�2�H �#�2�+�Q�K�2�b�,

y = X � + � �U�j�X�N�V

���M�/ �i�?�2 �H�2���b�i�@�b�[�m���`�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �7�Q�H�H�Q�r�b�,

�K�B�M
�

� T � = �K�B�M
�

k� k2 = �K�B�M
�

ky � X � k2 = �K�B�M
�
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�T���`���K�2�i�2�`� �X �h�?�2 �#�Q�i�i�Q�K �T�H�Q�i �x�Q�Q�K�b �B�M �Q�M �i�?�2 �b�K���H�H�2�b�i �p���H�m�2�b �Q�7� �X

�k�Y�:�Y�: �b�n�U�U�R�a�j �p�3�,�j�R�a �`�3�<�a�3�c�c�C�R�N �V�b�p�`�W

�k�Y�:�Y�:�Y�S �b�p�` �8�R�a �I�C�N�3���a �a�3�<�a�3�c�c�C�R�N

���M�v �H�B�M�2���` �7�m�M�+�i�B�Q�Mf (x) �+���M �#�2 �r�`�B�i�i�2�M ���b �7�Q�H�H�Q�r�b�,

f (x) = wT x + b �r�B�i�?(w; b) 2 (Rd � R) �U�j�X�R�e�V

�L�Q�i�2 �i�?���i �+�Q�M�i�`���`�v �i�Q �i�?�2�J�G�_�K�Q�/�2�H�- �i�?�2 �p�2�+�i�Q�`w �2�t�+�H�m�/�2�b �i�?�2 �#�B���bb�X �>�2�`�2�- �i�?�B�b
�+�?�Q�B�+�2 �r�B�H�H �K���F�2 �i�?�2 �m�T�+�Q�K�B�M�; �/�2�`�B�p���i�B�Q�M�b �+�H�2���`�2�`�X

�h�?�2 �a�o�_ �K�Q�/�2�H ���B�K�b ���i �}�M�/�B�M�; �i�?�2 �~���i�i�2�b�i �H�B�M�2���` �7�m�M�+�i�B�Q�Mf (x) �/�B�b�i���M�i �Q�7 ���i �K�Q�b�i�
�7�`�Q�K �i�?�2 �i���`�;�2�i �p���H�m�2�by(i ) �X �h�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �2�`�`�Q�` �B�b �m�M�B�K�T�Q�`�i���M�i ���b �H�Q�M�; ���b �B�i �/�Q�2�b
�M�Q�i �2�t�+�2�2�/� �X �h�?�2 �+�?�Q�B�+�2 �Q�7 �K���t�B�K�B�x�B�M�; �i�?�2 �ô�~���i�M�2�b�b�ô �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M �b�i�2�K�b �7�`�Q�K �i�?�2
�7���+�i �i�?���i �~���i �7�m�M�+�i�B�Q�M�b ���`�2 �H�2�b�b �b�2�M�b�B�i�B�p�2 �i�Q �M�Q�B�b�2 ���M�/ �Q�m�i�H�B�2�`�b�, �#�2�i�r�2�2�M �i�r�Q �2�p�2�M�H�v �;�Q�Q�/
�K�Q�/�2�H�b �U�B�X�2�X �b���K�2 �i�Q�H�2�`���M�+�2� �V�- �i�?�2 �K�Q�b�i �`�Q�#�m�b�i �K�Q�/�2�H �U�B�X�2�X �i�?�2 �Q�M�2 �H�B�F�2�H�v �i�Q �;�2�M�2�`���H�B�x�2
�i�?�2 �#�2�b�i�V �B�b �i�?�2 �~���i�i�2�b�i �Q�M�2�X �J���t�B�K�B�x�B�M�; �i�?�2 �ô�~���i�M�2�b�b�ô ���K�Q�m�M�i�b �i�Q �K�B�M�B�K�B�x�B�M�; �i�?�2
�M�Q�`�Kkwk2 = wT w �Q�7 �i�?�2 �+�Q�2�{�+�B�2�M�i�b �Q�7f (x)�- �r�?�B�+�? �`�2�K�B�M�/�b �i�?�2 �`�2���/�2�` �Q�7 �i�?�2 �T�2�M���H�i�v
�i�2�`�K �m�b�2�/ �7�Q�` �`�2�;�m�H���`�B�x���i�B�Q�M �B�M �i�?�2 �`�B�/�;�2 �`�2�;�`�2�b�b�B�Q�M �K�Q�/�2�H�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�Q�M�p�2�t



�:�: �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �+���M �#�2 �r�`�B�i�i�2�M ���b �7�Q�H�H�Q�r�b�,

minimize
w

1
2

kwk2

subject to y(i ) � wT x (i ) � b � � i = 1 : : : m;

wT x (i ) + b� y(i ) � � i = 1 : : : m

�U�j�X�R�d�V

�h�?�2 �;�`���T�? �Q�M �6�B�;�m�`�2�j�X�R�8�;�B�p�2�b ���M �2�t���K�T�H�2 �Q�7 �� �7�m�M�+�i�B�Q�Mf (x) �i�?���i �r�Q�m�H�/ �#�2 �b�Q�H�m�i�B�Q�M �Q�7
�i�?�B�b �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�X

�6�B�;�m�`�2 �j�X�R�8�,�A�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �+�Q�M�b�i�`���B�M�2�/ �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �B�M �1�[�m���i�B�Q�M �U�j�X�R�d�V
�U�B�M�b�T�B�`�2�/ �7�`�Q�K �(�R�3�)�V�X

�>�Q�r�2�p�2�`�- �b�m�+�? �� �b�Q�H�m�i�B�Q�M �/�Q�2�b �M�Q�i ���H�r���v�b �2�t�B�b�i �U�B�X�2�X �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �B�M �U�j�X�R�d�V �B�b
�M�Q�i ���H�r���v�b �7�2���b�B�#�H�2�V ���M�/ �b�H���+�F �p���`�B���#�H�2�b� i ; � �

i �?���p�2 �i�Q �#�2 �B�M�i�`�Q�/�m�+�2�/ �i�Q �2�M�b�m�`�2 �7�2���b�B�#�B�H�B�i�v�,

minimize
w; � i ; � �

i

1
2

kwk2 + C
mX

i =1

(� i + � �
i )

subject to y(i ) � wT x (i ) � b � � + � i i = 1 : : : m;

wT x (i ) + b� y(i ) � � + � �
i i = 1 : : : m;

� i ; � �
i � 0 i = 1 : : : m

�U�j�X�R�3�V

�h�?�2 �+�Q�M�b�i���M�iC ���+�i�b ���b �� �H�B�M�2���` �T�2�M���H�i�v �+�Q�b�i �Q�M �/�2�p�B���i�B�Q�M�b �H���`�;�2�` �i�?���M� �X �6�B�;�m�`�2�j�X�R�e
�B�H�H�m�b�i�`���i�2�b �i�?�B�b �M�2�r �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�X

�h�?�2 �T�`�B�K���H �T�`�Q�#�H�2�K �B�M �U�j�X�R�3�V �+���M �#�2 �b�Q�H�p�2�/ �m�b�B�M�; �B�i�b �/�m���H �7�Q�`�K�m�H���i�B�Q�M ���M�/ �� �+�H�Q�b�2�/�@�7�Q�`�K
�b�Q�H�m�i�B�Q�M �B�b �i�?�2�M �`�2���/�B�H�v �Q�#�i���B�M�2�/�,

f (x) =
mX

i =1

(� i � � �
i ) xT x (i ) + b �U�j�X�R�N�V



�k�Y�: �K�R�0�3�I�c �R�q�3�a�q�C�3�s �:�9

�6�B�;�m�`�2 �j�X�R�e�,�A�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �+�Q�M�b�i�`���B�M�2�/ �Q�T�i�B�K�B�x���i�B�Q�M �B�M �1�[�m���i�B�Q�M �U�j�X�R�3�V �U�B�M�b�T�B�`�2�/
�7�`�Q�K �(�R�3�)�V�X

�r�?�2�`�2� i ���M�/� �
i ���`�2 �i�?�2 �G���;�`���M�;�2 �K�m�H�i�B�T�H�B�2�`�b �Q�7 �i�?�2 �i�r�Q �}�`�b�i �+�Q�M�b�i�`���B�M�i�b �B�M �1�[�m���i�B�Q�M

�U�j�X�R�3�V

�k�Y�:�Y�:�Y�l �i�@�3 �G�3�a�N�3�I �j�a�C�,�G �8�R�a �N�R�N�A�I�C�N�3���a �a�3�<�a�3�c�c�C�R�N

�h�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M �b�?�Q�r�2�/ �i�?���i �� �H�B�M�2���` �7�m�M�+�i�B�Q�M �+���M ���H�r���v�b �#�2 �7�Q�m�M�/ �i�Q �b�Q�H�p�2 �U�j�X�R�3�V�X
�>�Q�r�2�p�2�`�- �a�o�_ �K�Q�/�2�H�b �+���M ���H�b�Q �#�2 �m�b�2�/ �7�Q�` �M�Q�M�@�H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M �T�`�Q�#�H�2�K�b�- �m�b�B�M�; �r�?���i �B�b
�+���H�H�2�/ �i�?�2 �ô�F�2�`�M�2�H �i�`�B�+�F�ô�X �h�?�B�b �K�2�i�?�Q�/ �+�Q�M�b�B�b�i�b �Q�7 �K���T�T�B�M�; �i�?�2 �7�2���i�m�`�2�b �7�`�Q�K �i�?�2 �Q�`�B�;�B�M���H
�b�T���+�2Rd �i�Q �� �M�2�r �b�T���+�2Rs �r�?�2�`�2 �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�My ���M�/x �r�Q�m�H�/ �#�2 �H�B�M�2���`�- ���b
�b�2�2�M �B�M �6�B�;�m�`�2�j�X�R�d�X

�q�?�B�H�2 �� �7�m�H�H �K���T�T�B�M�;' : Rd ! Rs �B�b �T�Q�b�b�B�#�H�2 �B�M �i�?�2�Q�`�v�- �B�i �#�2�+�Q�K�2�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v
�B�M�i�`���+�i���#�H�2 �B�M �T�`���+�i�B�+�2 �7�Q�` �?�B�;�? �/�B�K�2�M�b�B�Q�M���H �b�T���+�2�b �U�B�X�2�X �r�B�i�? �� �H���`�;�2 �M�m�K�#�2�` �Q�7 �7�2���i�m�`�2�b�V�X
�h�?�2 �F�2�v �T�Q�B�M�i �?�2�`�2 �B�b �i�?���i �i�?�2 �a�o�_ ���H�;�Q�`�B�i�?�K �Q�M�H�v �#�m�B�H�/�b �Q�M �/�Q�i �T�`�Q�/�m�+�i�b �#�2�i�r�2�2�M
�7�2���i�m�`�2�bx(i ) �X �A�i �B�b �i�?�m�b �M�Q�i �`�2�[�m�B�`�2�/ �i�Q �2�t�?���m�b�i�B�p�2�H�v �+�Q�K�T�m�i�2 �i�?�2 �7�m�H�H �K���T�T�B�M�; �7�m�M�+�i�B�Q�M
' �- �#�m�i �B�i �B�b �2�M�Q�m�;�? �i�Q �+�Q�K�T�m�i�2 �i�?�2 �/�Q�i �T�`�Q�/�m�+�i�b �Q�7 �i�?�2 �K���T�T�2�/ �7�2���i�m�`�2�bK (x (i ) ; x (j )) =
' (x (i ))T ' (x (j ))�X �� �+�Q�K�K�Q�M �F�2�`�M�2�H �7�m�M�+�i�B�Q�M �B�b �i�?�2 �`���/�B���H �#���b�B�b �7�m�M�+�i�B�Q�M �F�2�`�M�2�H �/�2�}�M�2�b ���b
�7�Q�H�H�Q�r�b�,

K (x (i ) ; x (j )) = exp
�
� 
 kx (i ) � x (j )k2

�
�U�j�X�k�y�V

�h�?�2 �M�2�r �b�Q�H�m�i�B�Q�Mf (x) �B�b �b�?�Q�r�M �B�M �1�[�m���i�B�Q�M �U�j�X�k�R�V ���M�/ �B�b ���M���H�Q�;�Q�m�b �i�Q �i�?�2 �Q�M�2 �7�Q�m�M�/
�7�Q�` �i�?�2 �H�B�M�2���` �+���b�2 �B�M �1�[�m���i�B�Q�M �U�j�X�R�N�V�,



�:�f �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�6�B�;�m�`�2 �j�X�R�d�,�A�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �F�2�`�M�2�H �i�`�B�+�F �i�Q �/�2���H �r�B�i�? �M�Q�M�@�H�B�M�2���` �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�@
�H�2�K �U�B�M�b�T�B�`�2�/ �7�`�Q�K �(�R�3�)�V�X

f (x) =
mX

i =1

(� i � � �
i ) K (x (i ) ; x) + b �U�j�X�k�R�V

�k�Y�:�Y�:�Y�k �?�w�U�3�a�U���a���L�3�j�3�a �j�n�N�C�N�<

�6�Q�` �i�?�2 �a�o�_ ���H�;�Q�`�B�i�?�K�- �S�v�i�?�Q�M�ö�b �#�m�B�H�i�@�B�M �7�m�M�+�i�B�Q�M�b�F�H�2���`�M�X�b�p�K�X�a�o�_�r���b �m�b�2�/ ���M�/
�i�?�`�2�2 �?�v�T�2�`�T���`���K�2�i�2�`�b �r�2�`�2 �i�m�M�2�/ �m�b�B�M�; �� �;�`�B�/ �b�2���`�+�?�,

�Ç �E�2�`�M�2�H �i�v�T�2�, �h�v�T�2 �Q�7 �F�2�`�M�2�H �K���T�T�B�M�; �i�?�2 �Q�`�B�;�B�M���H �7�2���i�m�`�2 �b�T���+�2 �i�Q �i�?�2 �M�2�r �7�2���i�m�`�2
�b�T���+�2�X
�a�2�p�2�`���H �F�2�`�M�2�H �i�v�T�2�b �r�2�`�2 �i�`�B�2�/ �Q�m�i�, �H�B�M�2���`�- �T�Q�H�v�M�Q�K�B���H�- �`���/�B���H �#���b�B�b �7�m�M�+�i�B�Q�M�- ���M�/
�b�B�;�K�Q�B�/�X
�A�M ���H�H �T�`�2�/�B�+�i�B�p�2 �K�Q�/�2�H�b�- �i�?�2 �Q�T�i�B�K���H �F�2�`�M�2�H �i�m�`�M�2�/ �Q�m�i �i�Q �#�2 �i�?�2 �`���/�B���H �#���b�B�b
�7�m�M�+�i�B�Q�M�X

�Ç �E�2�`�M�2�H �+�Q�2�{�+�B�2�M�i
 �, �*�Q�2�{�+�B�2�M�i �/�`�B�p�B�M�; �i�?�2 �b�2�M�b�B�i�B�p�B�i�v �Q�7 �i�?�2 �F�2�`�M�2�H �i�Q �i�?�2
�/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�r�Q �B�M�T�m�i �7�2���i�m�`�2�b�- ���b �b�2�2�M �B�M �1�[�m���i�B�Q�M �U�j�X�k�R�V�X

�Ç �S�2�M���H�i�v �+�Q�b�iC�, �S�2�M���H�i�v �+�Q�b�i �B�M �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �Q�7 �1�[�m���i�B�Q�M �U�j�X�R�d�V�X

�Ç �h�Q�H�2�`���M�+�2� �, �h�Q�H�2�`���M�+�2 �/�2�}�M�B�M�; �i�?�2� �@�i�m�#�2 �r�B�i�?�B�M �r�?�B�+�? �M�Q �T�2�M���H�i�v �B�b �B�M�+�m�`�`�2�/
�B�M �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�X



�k�Y�: �K�R�0�3�I�c �R�q�3�a�q�C�3�s �:�e

�k�Y�:�Y�9 �M�3�n�a���I �M�3�j�s�R�a�G�c

�k�Y�:�Y�9�Y�S �b�@���I�I�R�s ���N�0 �/�3�3�U �M�3�n�a���I �M�3�j�s�R�a�G�c

�� �M�2�m�`���H �M�2�i�r�Q�`�F �B�b �� �i�v�T�2 �Q�7 �K���+�?�B�M�2 �H�2���`�M�B�M�; �K�Q�/�2�H�b �r�?�B�+�? �B�b �#�`�Q���/�H�v �m�b�2�/ �7�Q�` �#�Q�i�?
�+�H���b�b�B�}�+���i�B�Q�M ���M�/ �`�2�;�`�2�b�b�B�Q�M�X �A�i�b ���#�B�H�B�i�v �i�Q �H�2���`�M �?�B�;�?�H�v �+�Q�K�T�H�2�t �M�Q�M�@�H�B�M�2���` �T���i�i�2�`�M�b
�K���F�2�b �B�i ���i�i�`���+�i�B�p�2 �7�Q�` �i�?�B�b �T�`�Q�D�2�+�i�X �� �M�2�m�`���H �M�2�i�r�Q�`�F �B�b ���H�r���v�b �+�Q�K�T�Q�b�2�/ �Q�7 �i�?�`�2�2 �i�v�T�2�b
�Q�7 �H���v�2�`�b �U�b�2�2 �6�B�;�m�`�2�j�X�R�3�V�,

�Ç ���M �B�M�T�m�i �H���v�2�`

�Ç �P�M�2 �Q�` �b�2�p�2�`���H �?�B�/�/�2�M �H���v�2�`�b

�Ç ���M �Q�m�i�T�m�i �H���v�2�`

�6�B�;�m�`�2 �j�X�R�3�,�:�2�M�2�`���H �b�i�`�m�+�i�m�`�2 �Q�7 �� �M�2�m�`���H �M�2�i�r�Q�`�F�X

�1���+�? �H���v�2�` �7�Q�H�H�Q�r�b �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �� �H�Q�;�B�b�i�B�+ �`�2�;�`�2�b�b�Q�`�- �r�B�i�? �� �H�B�M�2���` �i�`���M�b�7�Q�`�K���i�B�Q�M �7�Q�H�@
�H�Q�r�2�/ �#�v ���M ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�X ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b ���`�2 �m�b�m���H�H�v �M�Q�M�@�H�B�M�2���`�- �b�B�M�+�2 ��
�M�2�i�r�Q�`�F �r�B�i�? �Q�M�H�v �H�B�M�2���` ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b �B�b �D�m�b�i �� �H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M�X

���7�i�2�` �?���p�B�M�; �B�M�B�i�B���H�B�x�2�/ �i�?�2 �K�Q�/�2�H�ö�b �T���`���K�2�i�2�`�b �U�r�2�B�;�?�i�b ���M�/ �#�B���b�2�b�V�- �i�?�2 �i�`���B�M�B�M�; �T�?���b�2
�7�Q�H�H�Q�r�b �� �9�@�b�i�2�T �T�`�Q�+�2�b�b�- �r�?�B�+�? �B�b �`�2�T�2���i�2�/ �m�M�i�B�H �i�?�2 �H�Q�b�bL �+�Q�M�p�2�`�;�2�b �(�R�N�)�,

�R�X�6�Q�`�r���`�/ �T�`�Q�T���;���i�B�Q�M

�k�X�*�Q�K�T�m�i�2 �i�?�2 �H�Q�b�bL

�j�X�"���+�F�r���`�/ �T�`�Q�T���;���i�B�Q�M



�:�4 �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�9�X�S���`���K�2�i�2�`�b �m�T�/���i�2

�A�M �r�?���i �7�Q�H�H�Q�r�b�- �i�?�2 �2�t���K�T�H�2 �Q�7 �� �M�2�m�`���H �M�2�i�r�Q�`�F �r�B�i�? �i�r�Q �?�B�/�/�2�M �H���v�2�`�b �B�b �/�2�i���B�H�2�/
�U�b�m�+�? ���b �i�?�2 �Q�M�2 �B�M �6�B�;�m�`�2�j�X�R�3�V�- �#�2���`�B�M�; �B�M �K�B�M�/ �i�?���i �i�?�2 �;�2�M�2�`���H�B�x���i�B�Q�M �7�Q�` �M�@�H���v�2�`�b �B�b
���M���H�Q�;�Q�m�b�X �h�?�2 �i�r�Q �?�B�/�/�2�M �H���v�2�`�b �?���p�2n1 ���M�/n2 �M�2�m�`�Q�M�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 ���+�i�B�p���i�B�Q�M
�7�m�M�+�i�B�Q�M�b �Q�7 �#�Q�i�? �?�B�/�/�2�M �H���v�2�`�b �B�b ���b�b�m�K�2�/ �i�Q �#�2tanh(:) �U�?�v�T�2�`�#�Q�H�B�+ �i���M�;�2�M�i�V �r�?�B�H�2 �i�?�2
���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �Q�m�i�T�m�i �H���v�2�` �B�b ���b�b�m�K�2�/ �i�Q �#�2 �� �b�B�;�K�Q�B�/� (:)�X

�h�?�2 �b�[�m���`�2 �#�`���+�F�2�i�b �(`�) �r�B�H�H �`�2�7�2�` �i�Q �H���v�2�``�X �6�Q�` �2�t���K�T�H�2�-A [2] �`�2�H���i�2�b �i�Q �i�?�2 �Q�m�i�T�m�i �Q�7
�i�?�2 ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �b�2�+�Q�M�/ �H���v�2�`�X

�h�?�2 �b�B�x�2 �Q�7 �i�?�2 �K���i�`�B�+�2�b �B�M �2���+�? �H���v�2�` �B�b ���b �7�Q�H�H�Q�r�b�,

�Ç �A�M�T�m�i �H���v�2�`�,�h�`���B�M�B�M�; �b�2�iX T 2 (d � m)

�Ç �>�B�/�/�2�M �H���v�2�` �R�,���+�i�B�p���i�B�Q�M �K���i�`�B�tA [1] 2 (n1 � m)�- �r�2�B�;�?�i�bW [1] 2 (n1 � d) ���M�/
�#�B���bb [1] 2 (n1 � m)

�Ç �>�B�/�/�2�M �H���v�2�` �k�,���+�i�B�p���i�B�Q�M �K���i�`�B�tA [2] 2 (n2 � m)�- �r�2�B�;�?�i�bW [2] 2 (n2 � n1)
���M�/ �#�B���bb [2] 2 (n2 � m)

�Ç �P�m�i�T�m�i �H���v�2�`�,�S�`�2�/�B�+�i�B�Q�MŶ 2 (1 � m)�- �r�2�B�;�?�i�bW [3] 2 (1 � n2) ���M�/ �#�B���bb [3] 2
(1 � m)

�h�?�2 �7�Q�`�r���`�/ �T�`�Q�T���;���i�B�Q�M �+�Q�M�b�B�b�i�b �Q�7 �+���H�+�m�H���i�B�M�; �i�?�2 �p���H�m�2�b �Q�7 ���H�H �i�?�2 �M�2�m�`�Q�M�b �7�`�Q�K �H�2�7�i
�i�Q �`�B�;�?�i�,

�Ç �>�B�/�/�2�M �H���v�2�` �R�,

Z [1] = W [1]X T + b [1] �U�j�X�k�k�V

A [1] = tanh
�
Z [1]

�
�U�j�X�k�j�V

�Ç �>�B�/�/�2�M �H���v�2�` �k�,

Z [2] = W [2]A [1] + b [2] �U�j�X�k�9�V

A [2] = tanh
�
Z [2]

�
�U�j�X�k�8�V

�Ç �P�m�i�T�m�i �H���v�2�`�,

Z [3] = W [3]A [2] + b [3] �U�j�X�k�e�V

Ŷ = �
�
Z [3]

�
�U�j�X�k�d�V



�k�Y�: �K�R�0�3�I�c �R�q�3�a�q�C�3�s �:�O

�P�M�+�2 �i�?�2 �7�Q�`�r���`�/ �T�`�Q�T���;���i�B�Q�M �?���b �#�2�2�M �+���`�`�B�2�/ �Q�m�i�- �i�?�2 �H�Q�b�b �+���M �#�2 �2�b�i�B�K���i�2�/ �U�m�b�B�M�; �i�?�2
�K�2���M �b�[�m���`�2 �2�`�`�Q�` �7�Q�` �2�t���K�T�H�2�V�,

L =
1
m

mX

i =1

�
y(i ) � ŷ(i )

� 2
=

1
m






 Y � Ŷ








2
�U�j�X�k�3�V

�h�?�2 �#���+�F �T�`�Q�T���;���i�B�Q�M �i�?�2�M �+�Q�M�b�B�b�i�b �Q�7 �+���H�+�m�H���i�B�M�; �i�?�2 �;�`���/�B�2�M�i�b �Q�7 �i�?�2 �H�Q�b�bL �r�B�i�? �`�2�b�T�2�+�i
�i�Q �i�?�2 �r�2�B�;�?�i�bW [` ]�- �i�?�2 �#�B���bb[` ] ���M�/ �i�?�2 ���+�i�B�p���i�B�Q�M �K���i�`�B�tA [` ] �7�Q�` �2���+�? �H���v�2�``�X �6�Q�`
�i�?�2 �b���F�2 �Q�7 �b�B�K�T�H�B�+�B�i�v�- �B�i �B�b ���b�b�m�K�2�/ �?�2�`�2 �i�?���i ���H�H �i�?�2 �;�`���/�B�2�M�i�b �+���M �#�2 �+���H�+�m�H���i�2�/�X �A�M
�T���`�i�B�+�m�H���`�- �B�7dZ [3] = @L

@Z [3] �B�b �F�M�Q�r�M�- �i�?�2�M �7�Q�H�H�Q�r�b�,

dW [3] =
@L

@W [3]
=

@Z [3]

@W [3]

@L
@Z [3]

=
@Z [3]

@W [3]
dZ [3] =

1
m

dZ [3]A [2]T �U�j�X�k�N�V

db [3] =
@L

@b [3]
=

@Z [3]

@b [3]

@L
@Z [3]

=
@Z [3]

@b [3]
dZ [3] =

1
m

mX

i =1

dZ [3]( i ) �U�j�X�j�y�V

dA [2] =
@L

@A [2]
=

@Z [3]

@A [2]

@L
@Z [3]

=
@Z [3]

@A [2]
dZ [3] = W [3]T dZ [3] �U�j�X�j�R�V

�h�?�2 �/�2�`�B�p���i�B�p�2 �Q�7 �i�?�2 �?�v�T�2�`�#�Q�H�B�+ �i���M�;�2�M�i �B�b �2�t�T�H�B�+�B�i�X �*�Q�M�b�2�[�m�2�M�i�H�v�-dZ [2] �B�b �`�2���/�B�H�v �Q�#�@
�i���B�M�2�/ �7�`�Q�KdA [2] ���M�/ �i�?�2 �2�t���+�i �b���K�2 �T�`�Q�+�2�b�b �B�b �7�Q�H�H�Q�r�2�/ �i�Q �+���H�+�m�H���i�2 �i�?�2 �;�`���/�B�2�M�i�b �7�Q�`
�i�?�2 �i�r�Q �`�2�K���B�M�B�M�; �H���v�2�`�b�,

dW [2] =
1
m

dZ [2]A [1]T �U�j�X�j�k�V

db [2] =
1
m

mX

i =1

dZ [2]( i ) �U�j�X�j�j�V

dA [1] = W [2]T dZ [2] �U�j�X�j�9�V

���M�/ �2�p�2�M�i�m���H�H�v�,

dW [1] =
1
m

dZ [1]X �U�j�X�j�8�V

db [1] =
1
m

mX

i =1

dZ [1]( i ) �U�j�X�j�e�V

�6�B�M���H�H�v�- �i�?�2 �T���`���K�2�i�2�`�b �U�r�2�B�;�?�i�b ���M�/ �#�B���b�2�b�V �Q�7 �i�?�2 �i�?�`�2�2 �H���v�2�`�b` �+���M �#�2 �m�T�/���i�2�/ �U�?�2�`�2
�m�b�B�M�; �i�?�2 �b�B�K�T�H�2 �;�`���/�B�2�M�i �/�2�b�+�2�M�i �r�B�i�? �H�2���`�M�B�M�; �`���i�2
 �V�,

W [l ] = W [l ] � 
 d W [l ] �U�j�X�j�d�V

b [l ] = b [l ] � 
 d b [l ] �U�j�X�j�3�V

�A�M �i�?�B�b �T�`�Q�D�2�+�i�- �i�r�Q �i�v�T�2�b �Q�7 �b�i���M�/���`�/ �M�2�m�`���H �M�2�i�r�Q�`�F�b �r�2�`�2 �B�K�T�H�2�K�2�M�i�2�/�X �� �}�`�b�i �Q�M�2
�r�B�i�? �� �b�B�M�;�H�2 �?�B�/�/�2�M �H���v�2�` �r�?�B�+�? �r�B�H�H �#�2 �`�2�7�2�`�`�2�/ �i�Q ���b �L�2�m�`���H �L�2�i�r�Q�`�F �U�L�L�V�- ���M�/ �� �b�2�+�Q�M�/



�9�z �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�K�Q�/�2�H �r�B�i�? �i�r�Q �?�B�/�/�2�M �H���v�2�`�b �+���H�H�2�/ �.�2�2�T �L�2�m�`���H �L�2�i�r�Q�`�F �U�.�L�L�V �B�M �r�?���i �7�Q�H�H�Q�r�b�X �A�M
�i�?�2�Q�`�v�- ���L�L �r�B�i�? �2�M�Q�m�;�? �M�2�m�`�Q�M�b �b�?�Q�m�H�/ �#�2 ���#�H�2 �i�Q �T�2�`�7�Q�`�K ���b �r�2�H�H ���b ���M�v �Q�i�?�2�`�.�L�L
�r�B�i�? �b�2�p�2�`���H �?�B�/�/�2�M �H���v�2�`�b�X

�k�Y�:�Y�9�Y�l�`�M�M�c �s�C�j�@�H�b�i�K

�l�T �i�Q �M�Q�r�- ���H�H �i�?�2 �K�Q�/�2�H�b �/�2�b�+�`�B�#�2�/ �T�`�2�p�B�Q�m�b�H�v �U�J�G�_�- �a�o�_�-�L�L ���M�/�.�L�L�V �?���M�/�H�2�/
�b�B�M�;�H�2�@�b�i�2�T �B�M�T�m�i�b�X �h�?�2 �i�2�K�T�Q�`���H �/�2�T�2�M�/�2�M�+�v �r���b �Q�M�H�v �B�M�+�H�m�/�2�/ �i�?�`�Q�m�;�? �i�?�2 �+�?�Q�B�+�2 �Q�7
�i�?�2 �7�2���i�m�`�2�b�- �#�v ���/�/�B�M�; �7�Q�` �B�M�b�i���M�+�2 �H���;�;�2�/ �7�2���i�m�`�2�b �b�m�+�? ���b �i�?�2 ���p�2�`���;�2 �i�2�K�T�2�`���i�m�`�2
�Q�p�2�` �i�?�2 �T�`�2�p�B�Q�m�b �r�2�2�F�- �i�?�2 �+�Q�M�b�m�K�T�i�B�Q�M �K�2���b�m�`�2�K�2�M�i �Q�7 �i�?�2 �/���v �#�2�7�Q�`�2 ���i �i�?�2 �b���K�2
�i�B�K�2�- �2�i�+�X �U�b�2�2 �h���#�H�2�j�X�R�V�X ���H�i�2�`�M���i�B�p�2�H�v�-�_�L�L�b �U�_�L�L�V �+���M �2�t�T�H�B�+�B�i�H�v �?���M�/�H�2 �b�2�[�m�2�M�i�B���H
�Q�#�b�2�`�p���i�B�Q�M�b�- �#�v �/�2���H�B�M�; �r�B�i�? �K�m�H�i�B�@�b�i�2�T �B�M�T�m�i�b�, �� �T�Q�B�M�i �Q�#�b�2�`�p���i�B�Q�M �B�b �`�2�T�H���+�2�/ �#�v ��
�i�2�K�T�Q�`���H �b�2�[�m�2�M�+�2 �Q�7 �b�2�p�2�`���H �Q�#�b�2�`�p���i�B�Q�M�b�- ���b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2�j�X�R�N�X �A�M �i�?���i �`�2�b�T�2�+�i�-
�_�L�L �`�2�K�Q�p�2�b �i�?�2 �#�m�`�/�2�M �Q�7 �K���M�m���H�H�v �/�B���;�M�Q�b�B�M�; �i�?�2 �i�2�K�T�Q�`���H �B�M�7�Q�`�K���i�B�Q�M �i�?���i �M�2�2�/�b
�i�Q �#�2 ���/�/�2�/ �B�M �i�?�2 �K�Q�/�2�H �i�?�`�Q�m�;�? �7�2���i�m�`�2 �2�M�;�B�M�2�2�`�B�M�;�X �L�Q�i�2 �i�?���i �� �M�2�r �?�v�T�2�`�T���`���K�2�i�2�`
�M�Q�r �M�2�2�/�b �i�Q �#�2 �i�m�M�2�/�- �M���K�2�H�v �i�?�2 �M�m�K�#�2�` �Q�7 �i�B�K�2 �b�i�2�T�bn �B�M �i�?�2 �B�M�T�m�i�X

�6�B�;�m�`�2 �j�X�R�N�,�>���M�/�H�B�M�; �Q�7 �i�?�2 �B�M�T�m�i �/���i�� ���b �T�Q�B�M�i �Q�#�b�2�`�p���i�B�Q�M �U�i�Q�T�V ���M�/ ���b �b�2�[�m�2�M�+�2�b
�U�#�Q�i�i�Q�K�V �7�Q�` �� �b�B�M�;�H�2�@�b�i�2�T �Q�m�i�T�m�ih�X

�6�B�;�m�`�2�j�X�R�N���#�Q�p�2 �Q�M�H�v �/�B�b�T�H���v�b �� �b�B�M�;�H�2�@�b�i�2�T �Q�m�i�T�m�ih�- �/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i �K�m�H�i�B�@�b�i�2�T
�7�Q�`�2�+���b�i�B�M�; �B�b �M�Q�i �7�2���b�B�#�H�2 �r�B�i�? �� �K�B�t �Q�7 �K�2���b�m�`�2�K�2�M�i �7�2���i�m�`�2�b ���M�/ �7�Q�`�2�+���b�i �7�2���i�m�`�2�b�X �*�Q�M�@
�i�`���`�v �i�Q �i�?�2 �T�`�2�p�B�Q�m�b �K�Q�/�2�H�b �r�?�2�`�2 �i�?�2 �K���T�T�B�M�; �7�m�M�+�i�B�Q�M �#�2�i�r�2�2�M �B�M�T�m�i�b ���M�/ �Q�m�i�T�m�i�b
�r���b �}�t�2�/ �Q�M�+�2 �i�?�2 �i�`���B�M�B�M�; �+�Q�K�T�H�2�i�2�/�- �i�?�2�_�L�L���/�/�b �� �M�2�r �/�B�K�2�M�b�B�Q�M �i�Q �i�?�2 �K���T�T�B�M�;
�7�m�M�+�i�B�Q�M�- �r�?�B�+�? �#�2�+�Q�K�2�b �/�v�M���K�B�+ �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�B�K�2�X �h�?�2 �K���B�M �/�`���r�#���+�F �Q�7 �i�?�2�_�L�L
���T�T�`�Q���+�? �B�b �i�?���i �?���M�/�H�B�M�; �b�2�[�m�2�M�+�2�b �B�M�b�i�2���/ �Q�7 �T�Q�B�M�i �Q�#�b�2�`�p���i�B�Q�M �K���F�2�b �i�?�2 ���H�;�Q�`�B�i�?�K



�k�Y�: �K�R�0�3�I�c �R�q�3�a�q�C�3�s �9�S

�K�m�+�? �b�H�Q�r�2�` �i�Q �i�`���B�M�X

���M�_�L�L �B�b �+�Q�M�b�i�B�i�m�i�2�/ �Q�7 �K�m�H�i�B�T�H�2 �`�2�T�H�B�+���b �Q�7 �i�?�2 �b���K�2 �M�2�m�`���H �M�2�i�r�Q�`�F�- ���b �b�?�Q�r�M �Q�M
�6�B�;�m�`�2�j�X�k�y�X �L�Q�i�2 �i�?���i �i�?�B�b �}�;�m�`�2 �b�?�Q�r�+���b�2�b �i�?�2 �;�2�M�2�`���H �+���b�2 �Q�7 ���M�_�L�L�r�B�i�? �K�m�H�i�B�@�b�i�2�T
�Q�m�i�T�m�i�X �6�Q�` �� �b�B�M�;�H�2�@�b�i�2�T �Q�m�T�m�i�- �Q�M�H�vht �r�B�H�H �#�2 �F�2�T�i�X

�6�B�;�m�`�2 �j�X�k�y�,�:�2�M�2�`���H �b�2�i�m�T �Q�7 ���M�_�L�L�U�7�`�Q�K �(�k�y�)�V�X

�"�2�+���m�b�2 �Q�7 �B�i�b �b�2�[�m�2�M�i�B���H �M���i�m�`�2�-�_�L�L �B�b �i�?�2 �M���i�m�`���H �+�?�Q�B�+�2 �i�Q �`�2�T�`�2�b�2�M�i �i�2�K�T�Q�`���H �/�2�@
�T�2�M�/�2�M�+�v�X �>�Q�r�2�p�2�`�- �i�?�2 �B�b�b�m�2 �Q�7 �p���M�B�b�?�B�M�; �;�`���/�B�2�M�i �/�B�b�+�m�b�b�2�/ �2���`�H�B�2�` �B�b �2�b�T�2�+�B���H�H�v �i�`�Q�m�@
�#�H�2�b�Q�K�2 �7�Q�`�_�L�L�b �#�2�+���m�b�2 �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �?���b �i�Q �i�`���p�2�H �i�?�`�Q�m�;�? ���H�H �i�?�2 �+�2�H�H�b �#�2�7�Q�`�2
�`�2���+�?�B�M�; �i�?�2 �Q�m�i�T�m�i �+�2�H�H�X �h�?�`�Q�m�;�? �i�?�B�b �T�`�Q�+�2�b�b�- �i�?�2 �/�2�`�B�p���i�B�p�2�b �r�B�H�H �H�B�F�2�H�v �#�2 �K�m�H�i�B�T�H�B�2�/
�#�v �b�K���H�H�2�` ���M�/ �b�K���H�H�2�` �M�m�K�#�2�`�b �m�M�i�B�H �i�?�2 �K�Q�/�2�H �/�Q�2�b �M�Q�i �H�2���`�M ���M�v�K�Q�`�2�X�G�a�h�J�M�2�i�r�Q�`�F
�B�b �� �b�T�2�+�B���H �i�v�T�2 �Q�7�_�L�L�i�?���i �+�B�`�+�m�K�p�2�M�i�b �i�?�B�b �b�?�Q�`�i�+�Q�K�B�M�; �#�v �m�b�B�M�; �b�r�B�i�+�? �;���i�2�b �i�Q �#�v�@
�T���b�b �B�`�`�2�H�2�p���M�i �+�2�H�H�b�- �i�?�m�b ���H�H�Q�r�B�M�; �i�?�2 �M�2�i�r�Q�`�F �i�Q �`�2�K�2�K�#�2�` �H�Q�M�; �i�2�`�K �/�2�T�2�M�/�2�M�+�B�2�b�X
�h�?�2 ���`�+�?�B�i�2�+�i�m�`�2 �Q�7 ���M�_�L�L�@�G�a�h�J�B�b �/�2�b�+�`�B�#�2�/ �#�2�H�Q�r�,

�6�B�;�m�`�2 �j�X�k�R�,�a�2�[�m�2�M�i�B���H ���`�+�?�B�i�2�+�i�m�`�2 �Q�7 ���_�L�L�@�G�a�h�J�r�B�i�? �i�?�2 �B�M�T�m�ix ���M�/ �i�?�2 �Q�m�i�T�m�i
h �U�7�`�Q�K �(�k�y�)�V�X

�h�?�2 �v�2�H�H�Q�r �+�2�H�H�b �`�2�T�`�2�b�2�M�i �M�2�m�`���H �M�2�i�r�Q�`�F �H���v�2�`�b�-� ���M�/tanh �`�2�7�2�`�`�B�M�; �i�Q �i�?�2 ���+�i�B�p���i�B�Q�M
�7�m�M�+�i�B�Q�M�b �b�B�;�K�Q�B�/ ���M�/ �?�v�T�2�`�#�Q�H�B�+ �i���M�;�2�M�i�- �`�2�b�T�2�+�i�B�p�2�H�v�X �A�M �r�?���i �7�Q�H�H�Q�r�b�- �� �i�?�Q�`�Q�m�;�?



�9�l �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M �Q�7 �2���+�? �T���`�i �Q�7 �i�?�2�G�a�h�J�K�Q�/�m�H�2 �r�B�H�H �#�2 �;�B�p�2�M�X �6�B�`�b�i �Q�7 ���H�H�-
�i�?�2 �+�2�H�H �b�i���i�2Ct �~�Q�r�b �?�Q�`�B�x�Q�M�i���H�H�v �i�?�`�Q�m�;�? �i�?�2�G�a�h�J�K�Q�/�m�H�2 ���b �`�2�T�`�2�b�2�M�i�2�/ �B�M �6�B�;�m�`�2
�j�X�k�k�,

�6�B�;�m�`�2 �j�X�k�k�,�*�2�H�H �b�i���i�2 �~�Q�r �B�M ���M�G�a�h�J�K�Q�/�m�H�2 �U�7�`�Q�K �(�k�y�)�V�X

�h�?�2 �+�2�H�H �b�i���i�2 �B�b �F�2�v �B�M �i�?�B�b ���`�+�?�B�i�2�+�i�m�`�2�, �B�i �+���M �#�2 �K�Q�/�B�}�2�/ �/�m�`�B�M�; �B�i�b �i�`���p�2�H �i�?�`�Q�m�;�?�Q�m�i
�i�?�2 �K�Q�/�m�H�2 �/�2�T�2�M�/�B�M�; �Q�M �;���i�2�b �i�?���i �+�Q�M�b�i�B�i�m�i�2 �+�?���`���+�i�2�`�B�b�i�B�+ �7�2���i�m�`�2�b �Q�7 �i�?�2�G�a�h�J�M�2�i�@
�r�Q�`�F�X

�h�?�2�`�2 ���`�2 �i�?�`�2�2 �i�v�T�2�b �Q�7 �;���i�2�, �i�?�2�7�Q�`�;�2�i �;���i�2�- �i�?�2�B�M�T�m�i �;���i�2�- ���M�/ �i�?�2�Q�m�i�T�m�i �;���i�2�X
�1���+�? �;���i�2 �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �� �b�B�;�K�Q�B�/ �H���v�2�` �7�Q�H�H�Q�r�2�/ �#�v �� �T�Q�B�M�i�r�B�b�2 �K�m�H�i�B�T�H�B�+���i�B�Q�M�X �h�?�2
�Q�m�i�T�m�i �Q�7 �i�?�2 �b�B�;�K�Q�B�/ �7�m�M�+�i�B�Q�M �`���M�;�2�b �7�`�Q�K �y �i�Q �R ���M�/ �+�Q�M�i�`�Q�H�b �?�Q�r �K�m�+�? �i�?�2 �;���i�2 �H�2�i
�i�?�2 �B�M�7�Q�`�K���i�B�Q�M �T���b�b �i�?�`�Q�m�;�?�X �h�?�2 �}�`�b�i �;���i�2 �b�2�2�M �#�v �i�?�2�G�a�h�J�K�Q�/�m�H�2 �B�b �i�?�2�7�Q�`�;�2�i
�;���i�2���M�/ �B�b �?�B�;�?�H�B�;�?�i�2�/ �#�2�H�Q�r�,

�6�B�;�m�`�2 �j�X�k�j�,�6�Q�`�;�2�i �;���i�2 �B�M ���M�G�a�h�J�K�Q�/�m�H�2 �U�7�`�Q�K �(�k�y�)�V�X

�h�?�2�7�Q�`�;�2�i �;���i�2�/�2�i�2�`�K�B�M�2�b �r�?���i �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �i�?�2 �T�`�2�p�B�Q�m�b �+�2�H�H �b�i���i�2Ct � 1 �r�B�H�H �#�2



�k�Y�: �K�R�0�3�I�c �R�q�3�a�q�C�3�s �9�k

���H�H�Q�r�2�/ �i�Q �;�Q �i�?�`�Q�m�;�?�- �#���b�2�/ �Q�M �i�?�2 �T�`�2�p�B�Q�m�b �Q�m�i�T�m�iht � 1 ���M�/ �i�?�2 �+�m�`�`�2�M�i �B�M�T�m�ix t �,

f t = � (Wf � [ht � 1; xt ] + bf ) �U�j�X�j�N�V

�>�2�`�2�- �i�?�2 �Q�T�2�`���i�Q�` �(�X�) �U�`�2�T�`�2�b�2�M�i�2�/ �#�v �i�r�Q ���`�`�Q�r�b �K�2�`�;�B�M�; �B�M�i�Q �Q�M�2 �B�M ���H�H �i�?�2 �/�B���;�`���K�b�V
�`�2�7�2�`�b �i�Q �i�?�2 �+�Q�M�+���i�2�M���i�B�Q�M �Q�7 �i�r�Q �K���i�`�B�+�2�b�X

�h�?�2 �M�2�t�i �Q�T�2�`���i�B�Q�M �+���`�`�B�2�/ �Q�m�i �#�v �i�?�2�G�a�h�J�K�Q�/�m�H�2 �B�b �i�Q �}�;�m�`�2 �Q�m�i �r�?���i �M�2�r �B�M�7�Q�`�@
�K���i�B�Q�M �r�B�H�H �#�2 �b�i�Q�`�2�/ �B�M �i�?�2 �+�2�H�H �b�i���i�2�- �r�?�B�+�? �B�b �/�Q�M�2 �m�b�B�M�; �i�r�Q �#�`���M�+�?�2�b �2�K�T�?���b�B�x�2�/ �B�M
�6�B�;�m�`�2�j�X�k�9�,

�6�B�;�m�`�2 �j�X�k�9�,�A�M�T�m�i �;���i�2 �B�M ���M�G�a�h�J�K�Q�/�m�H�2 �U�7�`�Q�K �(�k�y�)�V�X

�h�?�2 �H�2�7�i �#�`���M�+�? �B�b �i�?�2�B�M�T�m�i �;���i�2���M�/ �b�T�2�+�B�}�2�b �r�?���i �p���H�m�2�b �r�B�H�H �#�2 �m�T�/���i�2�/�- �r�?�B�H�2 �i�?�2
�`�B�;�?�i �#�`���M�+�? �b�?���T�2�b �i�?�2 �M�2�r �+���M�/�B�/���i�2 �p�2�+�i�Q�`~Ct �m�b�B�M�;tanh�,

i t = � (Wi � [ht � 1; xt ] + bi ) �U�j�X�9�y�V
~Ct = tanh ( WC � [ht � 1; xt ] + bC ) �U�j�X�9�R�V

�h�?�2 �i�r�Q �H���i�i�2�` �#�`���M�+�?�2�b ���`�2 �i�?�2�M �+�Q�K�#�B�M�2�/ �m�b�B�M�; �� �T�Q�B�M�i�r�B�b�2 �K�m�H�i�B�T�H�B�+���i�B�Q�M ���M�/ �b�i�Q�`�2�/
�B�M �i�?�2 �+�2�H�H �b�i���i�2�- �+�Q�K�T�H�2�i�B�M�; �i�?�2 �m�T�/���i�2 �Q�7 �i�?�2 �+�2�H�H �b�i���i�2�,

Ct = f t � Ct � 1 + i t � ~Ct �U�j�X�9�k�V

�h�?�2 �H���b�i �;���i�2�- �+���H�H�2�/ �i�?�2�Q�m�i�T�m�i �;���i�2�- �+�Q�M�i�`�Q�H�b �?�Q�r �K�m�+�? �Q�7 �i�?�2 �+�2�H�H �b�i���i�2 �r�B�H�H �#�2 �m�b�2�/
���b �i�?�2 �K�Q�/�m�H�2 �Q�m�i�T�m�iht �,



�9�: �k �H�R���0 �7�R�a�3�,���c�j�C�N�<

�6�B�;�m�`�2 �j�X�k�8�,�P�m�i�T�m�i �;���i�2 �B�M ���M�G�a�h�J�K�Q�/�m�H�2 �U�7�`�Q�K �(�k�y�)�V�X

���;���B�M�- �i�?�2 �Q�M�H�v �T�m�`�T�Q�b�2 �Q�7 �i�?�2tanh �B�b �i�Q �#�`�B�M�; �i�?�2 �+�2�H�H �b�i���i�2 �B�M �i�?�2 �+�Q�`�`�2�+�i �`���M�;�2 �Q�7
�p���H�m�2�b �U�#�2�i�r�2�2�M �y ���M�/ �R�V�X �h�?�2 �i�r�Q �2�[�m���i�B�Q�M�b �Q�7 �i�?�2 �Q�m�i�T�m�i �;���i�2 ���M�/ �i�?�2 �p���H�m�2 �Q�7 �i�?�2
�Q�m�i�T�m�i ���`�2 ���b �7�Q�H�H�Q�r�b�,

ot = � (Wo [ht � 1; xt ] + bo) �U�j�X�9�j�V

ht = ot � tanh (Ct ) �U�j�X�9�9�V

�h�?�B�b �H���b�i �b�i�2�T �+�Q�K�T�H�2�i�2�b �i�?�2 �/�2�`�B�p���i�B�Q�M �`�2�H���i�B�p�2 �i�Q �i�?�2�_�L�L�r�B�i�?�G�a�h�J�X

�k�Y�:�Y�9�Y�k �?�w�U�3�a�U���a���L�3�j�3�a �j�n�N�C�N�<

�h�?�2 �i�?�`�2�2 �i�v�T�2�b �Q�7 �L�2�m�`���H �L�2�i�r�Q�`�F�b �r�2�`�2 �/�2�b�B�;�M�2�/ �m�b�B�M�; �E�2�`���b ���S�A�- ���M�/ �i�?�2 �7�Q�H�H�Q�r�B�M�;
�?�v�T�2�`�T���`���K�2�i�2�`�b �r�2�`�2 �i�m�M�2�/ �m�b�B�M�; �� �;�`�B�/ �b�2���`�+�?�,

�Ç �"���i�+�? �b�B�x�2�, �L�m�K�#�2�` �Q�7 �b���K�T�H�2�b �b�2�2�M �#�v �i�?�2 �K�Q�/�2�H �#�2�7�Q�`�2 �m�T�/���i�B�M�; �i�?�2 �T���`���K�2�i�2�`�b
�U�r�2�B�;�?�i�- �#�B���b�- �2�i�+�X�V�X �h�?�2 �i�`���B�M�B�M�; �b�2�i �B�b �m�b�m���H�H�v �/�B�p�B�/�2�/ �B�M�i�Q �b�2�p�2�`���H �#���i�+�?�2�b�- �b�Q �i�?���i
�i�?�2 �K�Q�/�2�H ���H�`�2���/�v �B�K�T�`�Q�p�2�b ���7�i�2�` �� �7�2�r �b���K�T�H�2�b �r�?�B�H�2 �r���H�F�B�M�; �i�?�`�Q�m�;�? �i�?�2 �/���i���b�2�i�X
�h�?�2 �Q�T�i�B�K���H �#���i�+�? �b�B�x�2 �r���b �i�v�T�B�+���H�H�v �#�2�i�r�2�2�M �k�y ���M�/ �R�y�y�X

�Ç �L�m�K�#�2�` �Q�7 �2�T�Q�+�?�b�, �L�m�K�#�2�` �Q�7 �i�B�K�2�b �i�?�2 �K�Q�/�2�H �r�Q�`�F�b �i�?�`�Q�m�;�? �i�?�2 �r�?�Q�H�2 �/���i���b�2�i�X
�h�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K �i�2�M�/�b �i�Q �B�K�T�`�Q�p�2 �r�B�i�? �i�?�2 �M�m�K�#�2�` �Q�7
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�M�2�2�/ �i�Q �#�2 �7�Q�`�2�+���b�i�X �A�M �i�?�B�b �T�`�Q�D�2�+�i�- �i�?�2 �b�2�+�Q�M�/ �b�v�b�i�2�K �r���b �+�Q�M�b�B�/�2�`�2�/ �7�Q�` �T�Q�r�2�` �~�Q�r
�7�Q�`�2�+���b�i�B�M�; �U�b�2�2 �K�B�/�/�H�2 �/�B���;�`���K �Q�7 �6�B�;�m�`�2�9�X�e�V�- �B�M�+�H�m�/�B�M�; �#�Q�i�?�>�o�@�J�o ���M�/�J�o�@�G�o�H�B�M�2�b�X

�:�Y�k �T�R�s�3�a �•�R�s �8�R�a�3�,���c�j�C�N�< �c�j�a���j�3�<�C�3�c
�P�M�+�2 �i�?�2 �b�v�b�i�2�K �b�+�Q�T�2 �B�b �b�2�i�- �i�r�Q �b�i�`���i�2�;�B�2�b �+���M �#�2 �B�K�T�H�2�K�2�M�i�2�/�- �#�Q�i�? �Q�7 �i�?�2�K �#�m�B�H�/�B�M�;
�Q�M �i�?�2 �F�M�Q�r�H�2�/�;�2 �;���B�M�2�/ �7�`�Q�K �i�?�2 �H�Q���/ �7�Q�`�2�+���b�i�B�M�; �T�`�Q�+�2�b�b �H���B�/ �Q�m�i �B�M �*�?���T�i�2�`�j�X �h�?�2�b�2
�i�r�Q �b�i�`���i�2�;�B�2�b ���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2�9�X�d���M�/ �K�Q�`�2 �/�2�i���B�H�b ���`�2 �;�B�p�2�M �#�2�H�Q�r�,



�e�4 �: �T�R�s�3�a �•�R�s �8�R�a�3�,���c�j�C�N�<

�Ç �J�B�M�B�K�m�K �+�Q�b�i �~�Q�r �b�i�`���i�2�;�v�U�i�Q�T �/�B���;�`���K �Q�7 �6�B�;�m�`�2�9�X�d�V�, �h�?�B�b ���T�T�`�Q���+�? �7�Q�H�H�Q�r�b
�� �i�r�Q�@�b�i�2�T �T�`�Q�+�2�b�b�- �r�B�i�? ���i �}�`�b�i �H�Q���/ �7�Q�`�2�+���b�i�B�M�; �U���b �r���b �/�Q�M�2 �B�M �*�?���T�i�2�`�j�V �i�Q
�2�b�i�B�K���i�2 �i�?�2 �H�Q���/ ���i �i�?�2 �#�Q�m�M�/���`�v �Q�7 �i�?�2 �b�v�b�i�2�K �b�+�Q�T�2�- �B�X�2�X �i�?�2 �2�t�+�?���M�;�2�b �r�B�i�? �i�?�2
�2�t�i�2�`�M���H �2�M�p�B�`�Q�M�K�2�M�i�X �h�?�2�M�- �i�?�2 �H���i�i�2�` �7�Q�`�2�+���b�i�b �b�2�`�p�2 ���b �B�M�T�m�i �i�Q �`�m�M �� �K�B�M�B�K�m�K
�+�Q�b�i �~�Q�r �i�?���i �/�2�i�2�`�K�B�M�2�b �i�?�2 �Q�T�i�B�K���H �T���i�? �7�Q�` �i�?�2 �T�Q�r�2�` �r�B�i�?�B�M �i�?�2 �b�v�b�i�2�K�X �6�Q�`
�i�?�B�b �K�2�i�?�Q�/�- �i�?�2 �7�m�H�H �M�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v �M�2�2�/�b �i�Q �#�2 �F�M�Q�r�M�- ���M�/ �b�Q�K�2 �+�Q�b�i�b �K�m�b�i
�#�2 ���b�b�B�;�M�2�/ �i�Q �i�?�2 �2�H�2�+�i�`�B�+ �H�B�M�2�b �7�Q�` �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �i�Q �#�2 �`�2�H�2�p���M�i�X

�Ç �6�m�H�H �/���i���@�/�`�B�p�2�M �b�i�`���i�2�;�v�U�#�Q�i�i�Q�K �/�B���;�`���K �Q�7 �6�B�;�m�`�2�9�X�d�V�, �h�?�B�b �b�2�+�Q�M�/ ���T�@
�T�`�Q���+�? �+�Q�M�b�B�b�i�b �Q�7 �/�B�`�2�+�i�H�v �7�Q�`�2�+���b�i�B�M�; �7�m�i�m�`�2 �~�Q�r�b �7�`�Q�K �?�B�b�i�Q�`�B�+���H �~�Q�r�b �r�B�i�?�Q�m�i
���M�v �K�Q�/�2�H�B�M�; �Q�7 �i�?�2 �M�2�i�r�Q�`�F �i�Q�T�Q�H�Q�;�v�X �P�i�?�2�` �7�2���i�m�`�2�b �i�?���i �+���M �#�2 �B�M�7�Q�`�K���i�B�p�2
�`�2�;���`�/�B�M�; �i�?�2 �T�Q�r�2�` �~�Q�r�b �+���M �#�2 �7���+�i�Q�`�2�/ �B�M �i�Q �B�K�T�`�Q�p�2 �i�?�2 �T�`�2�/�B�+�i�B�p�2 ���+�+�m�`���+�v�X
�A�/�2���H�H�v�- �� �b�B�M�;�H�2 �K�Q�/�2�H �r�Q�m�H�/ �i���F�2 ���H�H �i�?�2 �?�B�b�i�Q�`�B�+���H �~�Q�r�b ���b �B�M�T�m�i ���M�/ �Q�m�i�T�m�i �i�?�2
�7�Q�`�2�+���b�i �~�Q�r�b �B�M ���H�H �i�?�2 �H�B�M�2�b �7�Q�` �i�?�2 �M�2�t�i �i�B�K�2 �b�i�2�T�b�X �h�?�2 �K���B�M ���/�p���M�i���;�2 �Q�7 �i�?�B�b
�b�2�+�Q�M�/ �K�2�i�?�Q�/ �B�b �i�?���i �B�i �/�Q�2�b �M�Q�i �`�2�[�m�B�`�2 ���M�v �B�M�@�/�2�T�i�? �F�M�Q�r�H�2�/�;�2 ���#�Q�m�i �i�?�2 �;�`�B�/
�b�i�`�m�+�i�m�`�2�X

�6�B�;�m�`�2 �9�X�d�,�.�B���;�`���K �Q�7 �i�?�2 �i�r�Q �b�i�`���i�2�;�B�2�b �i�Q �7�Q�`�2�+���b�i �i�?�2 �T�Q�r�2�` �~�Q�r�b�X

�:�Y�k�Y�S �K�C�N�C�L�n�L �,�R�c�j �•�R�s
�h�?�2 �}�`�b�i �b�i�`���i�2�;�v �i�Q �7�Q�`�2�+���b�i �i�?�2 �T�Q�r�2�` �~�Q�r�b �B�M �i�?�2 �M�2�i�r�Q�`�F �B�b �i�Q �#�m�B�H�/ �Q�M �i�?�2 �H�Q���/
�7�Q�`�2�+���b�i�b �7�Q�` �M�Q�/�2�b �H�Q�+���i�2�/ ���i �i�?�2 �#�Q�m�M�/���`�v �Q�7 �i�?�2 �b�v�b�i�2�K�- �i�Q �i�?�2�M �`�m�M �� �K�B�M�B�K�m�K �+�Q�b�i
�~�Q�r �K�Q�/�2�H�X �P�i�?�2�` �r�2�H�H�@�F�M�Q�r�M �2�H�2�+�i�`�B�+���H �K�Q�/�2�H�H�B�M�; ���T�T�`�Q���+�?�2�b�- �b�m�+�? ���b �i�?�2�.�B�`�2�+�i �*�m�`�@
�`�2�M�i �P�T�i�B�K���H �S�Q�r�2�` �6�H�Q�r �U�.�*�@�P�S�6�V�Q�` �i�?�2���H�i�2�`�M���i�B�p�2 �*�m�`�`�2�M�i �P�T�i�B�K���H �S�Q�r�2�` �6�H�Q�r



�:�Y�k �T�R�s�3�a �•�R�s �8�R�a�3�,���c�j�C�N�< �c�j�a���j�3�<�C�3�c �e�O

�U���*�@�P�S�6�V�- �+���M ���H�b�Q �#�2 ���T�T�H�B�2�/ �i�Q �}�;�m�`�2 �Q�m�i �i�?�2 �T�Q�r�2�` �~�Q�r�b�X �>�Q�r�2�p�2�`�- �#�Q�i�? �Q�7 �i�?�2�b�2
�K�Q�/�2�H�b �`�2�[�m�B�`�2 �b�T�2�+�B�}�+ �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�?�2 �H�B�M�2�b �U�H�B�M�2�b �`�2�b�B�b�i���M�+�2 ���M�/ �`�2���+�i���M�+�2 �7�Q�` �B�M�@
�b�i���M�+�2�V �i�?���i �r�2�`�2 �M�Q�i ���p���B�H���#�H�2 �7�Q�` �i�?�B�b �T�`�Q�D�2�+�i�X �A�M ���/�/�B�i�B�Q�M�- �i�?�2���*�@�P�S�6�B�b �� �M�Q�M�@�H�B�M�2���`�-
�M�Q�M�@�+�Q�M�p�2�t �T�`�Q�#�H�2�K �r�?�B�+�? �B�b �?���`�/�2�` �i�Q �b�Q�H�p�2 ���M�/ �r�B�i�? �M�Q �;�m���`���M�i�2�2 �i�Q �}�M�/ �� �;�H�Q�#���H
�Q�T�i�B�K�m�K�X �P�M �i�?�2 �+�Q�M�i�`���`�v�- �i�?�2 �K�B�M�B�K�m�K �+�Q�b�i �~�Q�r �K�Q�/�2�H �B�b �� �H�B�M�2���` �T�`�Q�#�H�2�K �r�?�B�+�? �B�b
�7���b�i �i�Q �b�Q�H�p�2 ���M�/ �i�?�m�b �2���b�B�H�v �b�+���H���#�H�2 �i�Q �+�Q�K�T�H�2�t �M�2�i�r�Q�`�F�b ���M�/ �K�m�H�i�B�T�H�2 �i�B�K�2 �b�i�2�T�b�X

�h�?�2 �K�B�M�B�K�m�K �+�Q�b�i �~�Q�r �#�m�B�H�/�b �Q�M �+�Q�M�+�2�T�i�b �7�`�Q�K �i�?�2 �}�2�H�/ �Q�7 �;�`���T�? �i�?�2�Q�`�v�X �A�M �;�`���T�?
�i�?�2�Q�`�v�- �� �M�2�i�r�Q�`�F �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �p�2�`�i�B�+�2�b �U�Q�` �M�Q�/�2�b�V �+�Q�M�M�2�+�i�2�/ �#�v �2�/�;�2�b �U�Q�` �H�B�M�2�b�V�X �A�7
�i�?�2 �2�/�;�2�b �?���p�2 �� �/�B�`�2�+�i�B�Q�M�- �i�?�2 �;�`���T�? �B�b �b���B�/ �i�Q �#�2 �ô�/�B�`�2�+�i�2�/�ô�X ���M �2�t���K�T�H�2 �Q�7 �� �/�B�`�2�+�i�2�/
�;�`���T�? �r�B�i�? �i�r�Q �M�Q�/�2�bi ���M�/j �B�b �;�B�p�2�M �B�M �6�B�;�m�`�2�9�X�3�,

�6�B�;�m�`�2 �9�X�3�,�1�t���K�T�H�2 �Q�7 �� �b�B�K�T�H�2 �/�B�`�2�+�i�2�/ �;�`���T�? �r�B�i�? �i�r�Q �p�2�`�i�B�+�2�b ���M�/ �Q�M�2 �2�/�;�2 ���H�Q�M�;
�r�B�i�? �B�i�b �+�?���`���+�i�2�`�B�b�i�B�+�b�X

���T�T�H�v�B�M�; �;�`���T�? �i�?�2�Q�`�v �i�Q �Q�m�` �/�B�b�i�`�B�#�m�i�B�Q�M �;�`�B�/�- �i�?�2 �p�2�`�i�B�+�2�b �`�2�T�`�2�b�2�M�i �i�?�2 �M�Q�/�2�b �U�i�`���M�b�@
�7�Q�`�K�2�`�b�V �r�?�B�H�2 �i�?�2 �2�/�;�2�b �`�2�T�`�2�b�2�M�i �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �H�B�M�2�b�X �h�?�2 �2�/�;�2�b �Q�7 �� �;�`���T�? �+���M �?���p�2
�/�B�z�2�`�2�M�i �+�?���`���+�i�2�`�B�b�i�B�+�b�- �b�m�+�? ���b �� �K���t�B�K�m�K �+���T���+�B�i�vu(v; w) ���M�/ �� �i�`���p�2�H �+�Q�b�ic(v; w)�X
�h�?�2 �+���T���+�B�i�vu(v; w) �B�b �� �T�Q�r�2�` �+���T���+�B�i�v �U�B�M �F�q�V �H�B�K�B�i�B�M�;f (v; w)�- �i�?�2 ���K�Q�m�M�i �Q�7 �T�Q�r�2�`
�~�Q�r�B�M�; �7�`�Q�K �M�Q�/�2v �i�Q �M�Q�/�2w�X �h�?�2 �i�`���p�2�H �+�Q�b�ic(v; w) �U�B�M �.�E�E�f�F�q �Q�` �à�`�2�f�F�q�V �K�Q�/�2�H�b
�i�?�2 �+�Q�b�i �`�2�H���i�2�/ �i�Q �i�?�2 �T�Q�r�2�` �H�Q�b�b�2�b �T�2�` �m�M�B�i �Q�7 �T�Q�r�2�` �i�`���M�b�T�Q�`�i�2�/ �B�M �i�?�2 �H�B�M�2 �+�Q�M�M�2�+�i�B�M�;
v �i�Qw�X �h�?�2 �p�2�`�i�B�+�2�b ���`�2 ���b�b�B�;�M�2�/ �� �/�2�K���M�/b(v) �i�?���i �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �T�Q�r�2�` �~�Q�r�B�M�;
�i�Q�r���`�/�b �i�?�2 �M�Q�/�2v �U�Q�` �+�Q�M�b�m�K�T�i�B�Q�M�V �B�7b(v) > 0�c ���M�/ �i�Q �T�Q�r�2�` �~�Q�r�B�M�; �Q�m�i �Q�7 �i�?�2 �M�Q�/�2
�U�Q�` �T�`�Q�/�m�+�i�B�Q�M�V �B�7b(v) < 0�X �h�?�2 �/�2�K���M�/ �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�Q�r�2�` �2�t�+�?���M�;�2�b �r�B�i�? �i�?�2 �2�t�i�2�`�@
�M���H �2�M�p�B�`�Q�M�K�2�M�i�X �h�?�2�`�2�7�Q�`�2�- �M�Q�/�2�b �r�B�i�?�Q�m�i ���M�v �+�Q�M�M�2�+�i�B�Q�M �i�Q �i�?�2 �2�t�i�2�`�M���H �2�M�p�B�`�Q�M�K�2�M�i
�?���p�2 �� �/�2�K���M�/ �Q�7 �x�2�`�Q�X

�h�?�2 �K�B�M�B�K�m�K �+�Q�b�i �~�Q�r �K�Q�/�2�H �+�Q�M�b�B�b�i�b �Q�7 �}�M�/�B�M�; �i�?�2 �Q�T�i�B�K���H �U�Q�` �+�?�2���T�2�b�i�V �T���i�? �7�Q�` �i�?�2
�T�Q�r�2�` �r�?�B�H�2 �b���i�B�b�7�v�B�M�; �#�Q�i�? �i�?�2 �/�2�K���M�/ ���M�/ �i�?�2 �+���T���+�B�i�v �+�Q�M�b�i�`���B�M�i�b�X �h�Q �K���i�?�2�K���i�B�+���H�H�v
�7�Q�`�K�m�H���i�2 �i�?�B�b �H�B�M�2���` �T�`�Q�;�`���K�- �i�r�Q �2�M�b�2�K�#�H�2�b ���`�2 �B�M�i�`�Q�/�m�+�2�/�,

�Ç E �B�b �i�?�2 �2�M�b�2�K�#�H�2 �+�Q�K�T�Q�b�2�/ �Q�7 ���H�H �i�?�2 �2�/�;�2�b



�4�z �: �T�R�s�3�a �•�R�s �8�R�a�3�,���c�j�C�N�<

�Ç V �B�b �i�?�2 �2�M�b�2�K�#�H�2 �+�Q�K�T�Q�b�2�/ �Q�7 ���H�H �i�?�2 �p�2�`�i�B�+�2�b

�h�?�2�`�2�7�Q�`�2�- �i�?�2 �K�B�M�B�K�m�K �+�Q�b�i �~�Q�r �+���M �#�2 �7�Q�`�K�m�H���i�2�/ ���b �7�Q�H�H�Q�r�b�,

minimize
f

X

(v;w)2 E

c(v; w)f (v; w)

subject to
X

w2 V

f (v; w) �
X

w2 V

f (w; v) = b(v) 8v 2 V;

0 � f (v; w) � u(v; w) 8(v; w) 2 E

�U�9�X�R�V

�6�Q�` �i�?�B�b �T�`�Q�#�H�2�K �i�Q �#�2 �� �H�B�M�2���` �T�`�Q�;�`���K�- �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �M�2�2�/�b �i�Q �#�2 �H�B�M�2���` ���M�/
�i�?�2 �T�Q�r�2�` �H�Q�b�b�2�b �K�m�b�i �#�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �T�Q�r�2�` �~�Q�r�B�M�; �B�M �i�?�2 �H�B�M�2�X �A�M �`�2���H�B�i�v�- �i�?�2
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∑
v∈E

b(v) = 0

b(TSO) = −
∑

v∈LV

b(v) = +5 + 10 − 5 + 7 = −17



4.3 Power flow forecasting strategies 83

MV2

HV1 MV2 HV2 MV2
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4.3.2 Full data-driven
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4.4 Data available

4.5 Results and analysis

4.5.1 Minimum cost flow




	Contents
	Acronyms
	1 Introduction
	1.1 Context and literature review
	1.2 Problem statement

	2 Data Presentation
	2.1 General information
	2.2 Summary statistics
	2.3 Time-series of consumption and production

	3 Load Forecasting
	3.1 Feature engineering
	3.2 Outlier detection
	3.3 Prior information
	3.4 Models overview
	3.5 Analysis of the results

	4 Power flow forecasting
	4.1 Network description
	4.2 System scope
	4.3 Power flow forecasting strategies
	4.4 Data available
	4.5 Results and analysis

	5 Conclusion and Perspectives
	5.1 Lessons learned
	5.2 Conclusion
	5.3 Future work

	Appendices
	A Project plan
	Bibliography

